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Introduction

Many physical processes are described by partial differential equa-
tions and systems of partial differential equations. The coefficients
of these equations, which may depend on spatial and time variables,
describe the properties of the medium where these processes take
place. Solutions of these equations are called fields. The so-called
direct problem consists of finding these fields when we know applied
sources, initial and boundary conditions, and, of course, parameters
of the medium. However, in physics and practical applications, the
problem under consideration is often somewhat opposite. It is the
unknown properties of the medium, described by the coefficients of
the differential equations, that are to be determined. For example,
in geophysical explorations, one wants to know the density and the
Lame parameters that describe the properties of the Earth. These
parameters may be used to find oil and other mineral fields. To find
these parameters, we can utilize the fact that they appear in the co-
efficients of equations of elasticity. Henceforth, elastic waves, which
propagate in the Earth, depend upon these parameters. Therefore,
there is a natural problem of finding elastic parameters from the mea-
surements of elastic fields. This problem is called the inverse problem
of elasticity. Similar problems appear when one wants to find elec-
tric permittivity and conductivity and magnetic permeability from
the measurements of electromagnetic fields, or acoustic velocity from
the sound measurements, etc. These examples show the importance
of inverse problems both for understanding physical phenomena and
practical applications.

Inverse problems do not often have a unique solution. The data
obtained from measurements may be the same for different physical
models. For this reason, the goal of inverse problems is to find all
equivalent models, i.e., those models that correspond to equal mea-
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surements. In spite of the non-uniqueness, the situation in real life
is not as bad as it sounds. Measured data together with some addi-
tional a priori information about the model may be sufficient to find
the unique model that describes the process. Indeed, in many cases,
the non-uniqueness is due only to a natural freedom in describing
the process. For instance, the domain filled with the medium may
be described in different coordinate systems. Clearly, the resulting
solution, which actually describes the same process, will be written
in different forms. Therefore, in solving inverse problems, we need
to take this into account and find their solutions in a coordinate
invariant form. On the other hand, sometimes there are natural
coordinates relevant to a particular inverse problem. These coor-
dinates are often the travel time coordinates as, for example, in the
described geophysical inverse problem. These travel time coordinates
determine the natural distances between points. The distance func-
tion gives rise to a Riemannian structure, so it is natural to consider
the domain as a Riemannian manifold. Therefore, the reconstruc-
tion of the Riemannian manifold and the corresponding metric is an
essential part of solving inverse problems. This reconstruction of the
manifold is a generalization of the reconstruction of the parameters
of the medium in the travel time coordinates.

As seen from the above description, inverse problems have a
wide range of practical applications and their mathematical theory
is based upon an interaction of analysis and geometry with some ad-
ditional algebraic ideas. Therefore, this book is written mainly for
analysts, applied mathematicians and other applied scientists and en-
gineers having an interest in the mathematical foundations of inverse
problems. We believe that this book is also useful for geometricians
who are interested in the interdisciplinary research.

It is clear that a large variety of physical phenomena described
earlier give rise to numerous different types of mathematical inverse
problems. To describe this variety and to understand the special na-
ture of the problems that are described in this book, we will provide a
rather sketchy classification of mathematical inverse problems. Our
classification is based on the difference in various types of mathemati-
cal models that describe the corresponding physical processes, as well
as various types of measured data used to reconstruct the unknown
parameters of the medium. Before providing this classification, we
note that the mathematical theory of inverse problems is still very far
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from its completion. As yet, there are no exact solutions to a number
of practically important inverse problems. To solve such problems,
mathematicians use various approximation methods. Moreover, in
practice, given data is usually incomplete and errorprone. This also
makes it necessary to utilize approximations and numerical tech-
niques to study inverse problems. Corresponding methods are de-
scribed in a number of books, e.g., [EnHaNu], [G], [BkGo]. The
main aim of this book is to develop a rigorous theory to solve several
types of inverse problems exactly, rather than to discuss applied and
numerical aspects of these problems. However, we believe that this
book will be useful for practitioners. This is not only because the
book contains a new invariant approach to solve inverse problems,
but also because of the algorithmic nature of the methods devel-
oped. This means that one of the main features of the book is to
provide some procedures to reconstruct unknown parameters. Simi-
larly, these procedures can be used to construct numerical solutions
of inverse problems.

In the next few paragraphs we will give a classification of inverse
problems and discuss briefly those problems that will be considered
later in the book. First, we distinguish between the one-dimensional,
i.e., with one spatial variable, and the multidimensional inverse prob-
lems. The one-dimensional case has many specific properties that
do not exist in the multidimensional one. Historically, the study
of mathematical inverse problems has been started with the one-
dimensional case. Works of a number of outstanding mathematicians
([Bol, [Lv], [GeLe], [Mal]-[Ma4], [Kr1]-[Kr4]) in the 1940s and ’50s
resulted in thorough understanding of these problems and provided
several powerful methods to solve them. These methods were fur-
ther developed later (see, for example, such classical books as [Mad4],
[ChSal, [PoTr], [BeBl2], etc).

This book deals mainly with the multidimensional inverse prob-
lems, so that our further classification and references to literature
will deal only with the multidimensional case. However, the methods
developed in this book are perfectly applicable to one-dimensional in-
verse problems. Since these methods are easier to understand in the
one-dimensional case, we provide the one-dimensional variant of the
method in Chapter 1. We believe that this is a good introduction to
study inverse problems in the multidimensional case.

Physical processes in a medium are described by various fields,
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e.g., electromagnetic fields, elastic fields, etc. These fields are often
of vectorial nature. This means that the corresponding equations are
vector equations, or, in other words, systems of equations. However,
sometimes, the physical nature of the process makes it possible to
reduce the vector equations to scalar ones. This occurs, for example,
in gravitation or acoustics. Clearly, the vector case is significantly
more difficult to analyze and the mathematical theory of the vector
inverse problems is substantially less developed (see, however, text-
books [CoKs]|, [Ki], [Rol] and historical remarks to Chapter 4. In
this book we will consider only the scalar inverse problems, although
some of the developed methods can be extended to the vector case.

As mentioned, our classification of inverse problems is based on
differentiation between various types of mathematical models that
give rise to the corresponding inverse problems, e.g., one-dimensional
versus multidimensional, scalar versus vector, and also differentiation
among various types of inverse data.

In general, data used in inverse problems contains some given or
measured information about the corresponding fields. Usually, this
information describes the behaviour of these fields on the boundary of
the domain, occupied by the medium, or at infinity. In the first case,
we speak about inverse boundary problems, and in the second, about
inverse scattering problems. Inverse scattering problems are of great
importance due to their role in quantum mechanics and gravitational
theory, and, historically, are the first inverse problems where math-
ematically rigorous results were obtained (see, for example, [CoKs],
[Nw], [Fa3], [LxPh], [Me]). Inverse boundary problems, which have
a wide range of important applications to geosciences, medical imag-
ing, non-destructive testing, process monitoring, etc., are quite dif-
ferent from inverse scattering problems and require rather different
methods and techniques. This book is devoted to inverse boundary
problems.

According to the type of time dependence, physical processes
are divided into stationary and non-stationary ones. Therefore, the
corresponding inverse problems are also divided into stationary and
non-stationary ones. Non-stationary inverse problems are also called
dynamical or evolutionary problems. Depending on the hyperbolic
or parabolic nature of the fields, the dynamical inverse problems are
subdivided into hyperbolic or parabolic ones (see, e.g., [Ki], [Rol],
[Is1], [Shl]). Stationary inverse boundary problems are subdivided
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into inverse boundary spectral problems and fixed frequency inverse
problems. Fixed frequency inverse problems use boundary measure-
ments at a finite number of frequencies. Moreover, the vast majority
of results for these problems are obtained when the frequency is equal
to 0, i.e., for the static case. These problems go back to the famous
paper by Calderon [Cl] with fundamental mathematical theory de-
veloped in [SyU], [NvKh] with the crucial role of Faddeev’s Green
function [Fal]. During the last two decades, this theory has been
significantly extended and developed, see e.g., [Nal], [Na2], [NkU1],
[OPaS], and Notes in Chapter 4. A good exposition of the fixed
frequency inverse problems is given in [Is1].

The main goal of this book is to study the inverse boundary spec-
tral problems. However, the approach to inverse problems, which
will be developed, is a dynamical approach. It is based on the con-
sideration of the corresponding wave equations and involves various
techniques to study an initial-boundary value problem for the wave
equation. Henceforth, many results that are obtained for the in-
verse boundary spectral problems are valid for the dynamical inverse
boundary problems as described in Chapter 4.

Next we will describe, without going into details, the principal
features and ingredients of the approach developed in the book.

1. Control theory for hyperbolic partial differential equations.

2. Geometry of geodesics and metric properties of Riemannian
manifolds.

3. Asymptotic solutions of hyperbolic partial differential equa-
tions and, in particular, Gaussian beams.

4. Coordinate and gauge invariance of inverse problems and cor-
responding groups of transformations.

In our approach, we combine these ideas whose history can be
briefly described as follows:

1. The importance of control theory for inverse problems was first
understood by Belishev [Bel]. He used control theory to develop
the first variant of the boundary control (BC) method, which is the
analytical backbone of the book (see [Be2] for recent developments).
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2. Later, the ideas based on control theory were combined with the
geometrical ones. The importance of geometry for inverse problems
follows the fact that any elliptic second-order differential operator
gives rise to a Riemannian metric in the corresponding domain. The
role of this metric becomes clearer if we consider the solutions of the
corresponding wave equation. Indeed, these waves propagate with
the unit speed along geodesics of this Riemannian metric. These
geometric ideas were introduced to the boundary control method in
[BeKu3| and [Ku4].

3. The close relation between the wave equation and the corre-
sponding Riemannian metric becomes particularly clear when we
consider some special classes of asymptotic solutions of this equa-
tion, like Gaussian beams. This asymptotic solution of the wave
equation has the form of a wave packet. It propagates like a parti-
cle along a geodesic of the Riemannian metric, which prompts the
name “quasiphoton” for this solution. This property makes Gaus-
sian beams a very convenient technique to solve dynamical inverse
problems. This observation was made in [BeKal] and [KaKul].

4. In the study of inverse boundary problems for general elliptic
differential operators, it is necessary to take into account their non-
uniqueness. In fact, there is a group of transformations of the op-
erator, which preserve the boundary spectral data. This group of
transformations was first analyzed in [Kul], [Ku2].

In this book, we study the inverse boundary spectral problem for
a general self-adjoint second-order elliptic differential operator on a
compact manifold with boundary. In particular, our considerations
cover the case of elliptic operators in bounded domains in Euclidean
spaces. Moreover, we show that the developed approach is applicable
to the study of the dynamical inverse boundary problems for the
corresponding wave and heat equations.

The book consists of two unequal parts. The first part, Chapter
1, is devoted to the one-dimensional inverse boundary spectral prob-
lem on a finite interval. In this part, we introduce the principal ideas
and techniques of the approach. The one-dimensional inverse prob-
lems are very interesting by themselves and have numerous impor-
tant applications. In connection with this, we give a self-contained
exposition of the approach for this case. Those readers who are inter-
ested only in the one-dimensional inverse problems can read Chapter
1 only. In the one-dimensional case, these principal ideas become
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much simpler and clearer than in the multidimensional case. There-
fore, the study of the one-dimensional case is very instructive for
further development of the theory in the multidimensional case.

The main part of the book, Chapters 2-4, are devoted to the
multidimensional inverse boundary problem. In Chapter 3, we will
give a solution for the Gel'fand inverse boundary spectral problem
for a general second order self-adjoint elliptic differential operator
on a compact manifold with boundary. To this end, we will develop
an approach to the multidimensional inverse problems based on the
boundary control method. We will describe the group of gauge trans-
formations of an operator that do not change the boundary spectral
data. We will show that any orbit of this group contains a unique
(Riemannian) Schrédinger operator. We will describe an algorithm
to construct this Schrodinger operator and the underlying differen-
tial manifold from the boundary spectral data of any operator in the
orbit.

Chapter 4 is devoted to various generalizations and extensions
to other inverse boundary problems of the approach developed in
Chapter 3. There are four main subjects discussed in this chapter.
First, we will analyze the relations between the inverse boundary
spectral problems and the dynamical inverse boundary problems for
the wave and heat equations. This will make it possible to reduce the
dynamical inverse problems to the inverse boundary spectral ones.
Second, we will show that it is possible to solve the dynamical in-
verse problem for the wave equation directly, without reducing it to
the inverse boundary spectral problem. The corresponding method
is analogous to the method developed in Chapter 3. However, there
is a significant difference. Namely, if we possess boundary data only
on a finite interval of time, then we can reconstruct the operator only
in a collar neighborhood of the boundary. The width of this collar
neighborhood is determined by the metric generated by the operator.
Third, we will consider the inverse boundary spectral problem with
data given only on a part of the boundary. This kind of problem
is often encountered in practice. Fourth, we will consider the in-
verse boundary spectral problems in bounded domains of Euclidean
spaces. Using the results in Chapter 3, we will describe the groups
of transformations in this case. Furthermore, we will show that ad-
ditional a priori information about the structure of operators makes
the inverse problem uniquely solvable. This takes place, for exam-
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ple, for some isotropic operators. We also provide a reconstruction
algorithm. Considerations in Chapter 4 are given in less detail than
those in Chapter 3.

Chapter 2 is of an auxiliary nature. Here we provide an analytical
and geometrical background of the approach developed in Chapters
3 and 4.

This book is mainly aimed at readers with a background in analy-
sis. This determines the choice of material and the level of exposition
in Chapter 2. We expect our readers to know the basics of distribu-
tion theory, Sobolev spaces and partial differential equations. When
presented material goes beyond the standard textbooks, we will prove
the corresponding results. Otherwise, we will provide only the rigor-
ous formulations of the statements with references to the literature
in Notes at the end of the chapter. Chapter 2 contains a rather wide
range of ideas and techniques from modern analysis and geometry.
The authors believe that this diversity reflects the interdisciplinary
nature of the mathematical theory of inverse problems and corre-
sponds to the current state of their development.

Each chapter consists of several titled sections subdivided into
subsections, which we still call sections. Numeration of formulae
and statements, i.e., theorems, lemmas and corollaries, is unified
throughout a chapter. In references to a formula, the first number
refers to the chapter and the second to the numeration of this formula
in the chapter. There are exercises in Chapters 1-3. They are not
very difficult. Usually they refer to those parts of exposition, that
can be proven by considerations similar to those that are given earlier
in the text. There are also sections in Chapters 2 and 3 that are
marked by . These sections may be skipped in the first reading.
At the beginning of each chapter, there is a short description of its
structure and contents. At the end of each chapter, there is also
a section called Notes. It provides references to the results used in
the chapter and also gives references to the relevant literature on the
subjects covered in the chapter. This sections also contains some
historical commentaries about the results discussed in the chapter.
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Chapter 1

One-dimensional inverse
problem

In this chapter, we will study the one-dimensional inverse boundary
spectral problem. In sections 1.1.1-1.1.3 we will give a precise formu-
lation of this problem. In the rest of section 1.1 we will describe the
admissible transformations that preserve the boundary spectral data
and reduce the inverse problem for a general operator to that for
a Schrodinger operator. In section 1.2, we will consider the initial-
boundary value problem for the corresponding wave equation. In
particular, we will obtain a formula for the Fourier coefficients of the
waves in terms of the boundary spectral data. In section 1.3, we will
describe the necessary controllability results for the wave equation
and give a solution to the inverse problem for the Schrédinger oper-
ator. To do that, we will introduce the so-called slicing procedure.
In section 1.4, we will describe the one-dimensional Gaussian beams.
We will later apply them to obtain an alternative solution of the
inverse problem.

1.1. Inverse problem and main result

1.1.1. In many applied sciences, there appear elliptic ordinary dif-
ferential operators with real smooth coefficients,
Ay = —a(z)y" (x) + b(z)y' () + c(2)y(z), a >0, (1.1)

for a function y(z) with x varying in the interval [0,[]. For example,
in modeling harmonic oscillations of an inhomogeneous string, we
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deal with the equation
Ay = —ay” + by + cy = w?y.

Here a, b and ¢ are related to the density p, Hooke constant p and
stiffness f by the formulae

a:p’p_lv b= _N/P_la C:fa
and w is the frequency of oscillations.

In the direct problems, we know the material parameters and our
goal is to find y(x). However, for many practical purposes, the goal
is just the opposite. We have information about solutions y(x) and
would like to use this information to find the material parameters.
Such problems are called inverse problems. In practice, information
about the solutions y(z) comes from the measurements, and different
types of measurements give rise to different types of inverse problems.
In this chapter, we will study the one-dimensional inverse boundary
spectral problems related to operator (1.1).

1.1.2. To define an operator A of form (1.1) rigorously, it is neces-
sary to make some assumptions on its coeflicients and also functions
y(z). In this chapter, we assume that a, b, and c¢ are real-valued,
smooth, i.e., infinitely differentiable, functions on the closed interval
[0,1]. The operator A is then defined on the functions y € H?([0,1]),
which means that y, 3 are continuous and y” € L?([0,1]), which
satisfies the Dirichlet boundary conditions

The functions satisfying all these conditions form the domain of the
operator A, which is denoted by D(.A),

D(A) = {y € H*([0,1]) = y(0) = y(1) = 0} (1.3)

Any operator of form (1.1), which is often called a Sturm-Liouville
operator, can be rewritten as

Ay = —m g7 V2 (mg™ V) + ey (1.4)

with some positive smooth functions m(x) and g(z).
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Exercise 1.1 Find m(z) and g(x) in terms of a and b.

The function m(z) determines a weighted space L2([0,1],dV),
dV =mdV, = mgl/2d$

with the inner product of the form
l _
.2) = | sla)@m(o)g e (15)
0

Remark Representation (1.4) for the operator A and the volume
elements dV and dV are taken in the form suitable for the multi-
dimensional case. In particular, the metric, or length element, on
the interval [0,!] that corresponds to the operator A has the form

ds® = g(x)dz>.
Integrating by parts, we can show that
(Ay,z) = (y, Az), (1.6)
for any y, 2 € D(A). This means that A is symmetric in L2([0,1], dV).
Moreover, it is known that any operator A of form (1.4), (1.3) is self-
adjoint in L2([0,1],dV). Its spectrum consists of the isolated eigen-
values A\j < Ao < --- < A < -+, Ay — 4o00. The corresponding
eigenfunctions (), ¢r € D(A) satisfy
Apr = Moo,

or,
—a(z)pi(x) + b(2) e (7) + c@)pr(x) = Aner(@). € [0,1],
er(0) =0, @i(l)=0.
can be chosen to form an orthonormal basis in L2([0,1],dV), i.e.,

(ks 1) = Ot
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1.1.3. We are now in the position to formulate the inverse boundary
spectral problem for the operator A.

Problem 1 Let all eigenvalues, A1, Aa, ..., be known as well as the
values at the boundary points x = 0 and x =1 of the scaled derivatives
of the normalized eigenfunctions g='/2(0)¢,(0), g~/2(0)¢h(0), ...
and g Y2, (1), g Y2 ph(1),. ... Is it possible to find the coeffi-
cients m, g and ¢ from these data?

Problem 2 Let all eigenvalues A1, Ao, ..., be known as well as the
values at one boundary point, say x = 0, of the scaled derivatives of
the normalized eigenfunctions g~ '/2(0)¢,(0), g /2(0)ph(0),.... Is
it possible to find the coefficients m, g and ¢ from these data?

The data used in the formulations of Problems 1 and 2 are called the
boundary spectral data.

Definition 1.2 The collection
(N, g7 20)€5(0), g7 DG j=1,2,...}

is called the boundary spectral data of operator A corresponding to
Problem 1. The collection

(N, g 2 0)5(0): j=1,2,...}

18 called the boundary spectral data of operator A corresponding to
Problem 2.

Remark The factor g~1/2 in the formulation of the boundary spec-

tral data appears due to the equation

dy _
ds 7 dzr’
This makes the definition of the boundary spectral data suitable for
the multidimensional case also.
In the following, we will concentrate on the more complicated
Problem 2. However, in the multidimensional case, we will be mostly
preoccupied with the multidimensional analog of Problem 1. !

'In the one-dimensional case, problems 1, 2 are practically equivalent. In fact,
if we know the boundary data A,, a, = g_l/z(O)ga'n(O), n=1,2,..., of Problem
1 and A, # 0 for all n, then 3, = g’1/2(l)g0;b(l) can be found using formulae 3, =
Capt A [Tisn(1— An/Ax) "', Due to the non-uniqueness of the inverse boundary
spectral problem, constant C' can be arbitrary positive (or negative) constant.
The sign of the constant depends on the solution of an auxiliary problem.
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1.1.4. As we are going to show, Problems 1 and 2 do not have a
unique solution, m, g, and c. Indeed, we can change m, g and ¢, so
that the boundary spectral data remains unchanged. To see this, let
us consider two types of transformations: changes of coordinates and
gauge transformations.

i) Changes of coordinates. Let X be a diffeomorphism, X :[0,1] —
[0, l] ie., X € C=(]0,1]), X' > 0, X(0) = 0, X(1) = [ with its inverse
X~ denoted by X. This diffeomorphism corresponds to the change
of coordinates from = to T = X (z). In the new coordinates z, the
function y becomes the function y = yo X, i.e. y(x) = y(X(7)). To
preserve the inner product, we introduce new functions m, g,

m(z) =m(X(2)), §(@)=g(X(@)X'@)]" (L.7)

T

where dV = mgl/ 2dz. In these coordinates, the operator A becomes
the operator A,

Then

T
D)V = /0 @A = G5, (18)

Ay(@) = —m~'g~"*(mg *7) + . (1.9)
where ¢ = co X. More precisely, this means that

(Ay)(X(2)) = Ay (@).

In particular,
AZy, = NeG.-

Clearly, ¢y satisfy the Dirichlet boundary conditions at z = 0 and
Z = [ and, henceforth, ¢y are the eigenfunctions of operator A.
Due to identity (1.8), ¢k, k = 1,2,..., remain orthonormalized, i.e.
(Pky @1) = Ok Moreover,

7 20)840) = g7 2(0)93,0),  §T2OBLA) = 972D (D),

for all k = 1,2,.... This means that the boundary spectral data of
A and A are the same.
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1.1.5. i) Gauge transformations. Let k be a smooth positive func-
tion, kK € C*°([0,1]), k > 0. This function determines a transforma-
tion A, of the operator A, which is called a gauge transformation,

of A
Acu = kA(k™ ). (1.10)

Operator A, has form (1.4) with m, g and c replaced by m,,, g, and
Ck s

My =K °m, ge=9, cx=A(1) (1.11)
where 1 is the constant function 1(x) = 1.
Exercise 1.3 Prove equations (1.11).
Then the functions ¥y,
U =Ko, k=1,2,..., (1.12)
where @y, are the eigenfunctions of A, satisfy the equations

Aﬁ¢k:Ak¢ka k::132v"'7

as well as the Dirichlet boundary conditions. This means that A\; and
1, are the eigenvalues and eigenfunctions of the operator A, which is
self-adjoint in L2([0,1],dV,,), where dV, = my,.g *dz. Moreover, the
functions v form an orthonormal basis in the space L?([0,1],dV}).
Henceforth, the boundary spectral data of A, are given by A and

g% 2(0)%1,(0) = w(0)[g™1/2(0) ¢ (0)], (1.13)

e UAUEE OV OEAGIR

where k = 1,2,... If k(0) = k(l) = 1, then the boundary spectral
data of A and A, used in Problem 1, are the same and, if x(0) = 1,
then the boundary spectral data of A and A, used in Problem 2 are
the same.

Summarizing, we see that any function k € C*([0,1]), k > 0
determines a transformation of an operator A that given by formula
(1.10). This transformation is called the gauge transformation cor-
responding to k.

When « satisfies additional boundary conditions (0) = k(1) =1
or kK(0) = 1, we call the corresponding gauge transformation the
normalized gauge transformation related to Problems 1 or 2.
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1.1.6. In the previous section, we described two types of transfor-
mations of an operator A. Next, we use them to make A as simple
as possible. Our goal is to obtain a Schriédinger operator,

2

da?

Ag = +q(x). (1.14)

Lemma 1.4 For any operator A of form (1.4) there exists a gauge
transformation, followed by a change of coordinates that transform
A into a Schrédinger operator
d2
A —_ — = E
0 dz2 + q( )

on the interval [0,1]. For this end, we should take

k(z) = m'?(z), (1.15)

T=X(z)= /Omgl/2(x')dz', (1.16)

so that

I=X(1).

Proof. According to formula (1.11), gauge transformation (1.15)
makes m, = 1, g, = ¢g. According to formulae (1.7) and (1.9), the
change of coordinates (1.16) keeps m = 1 and makes g = 1. O

Exercise 1.5 Find the potential q in terms of m, g and c.

We note that we can change the order of the transformations,
making first the change of coordinates (1.16) followed by the gauge
transformation which corresponds to ®(Z) = k(X (7)).

1.1.7. Later, we will describe a method of the reconstruction of
the potential g of a Schrodinger operator from the boundary spectral
data. Lemma 1.4 shows that any operator of form (1.4), (1.3) can
be transformed into a Schrodinger operator. Unfortunately, gauge
transformations (1.15) are not, in general, normalized. This means
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that the boundary spectral data of the Schrodinger operator Ay,
which is used for the reconstruction of ¢, differs from the given bound-
ary spectral data of the original operator A of form (1.4).

However, there is a method to find the boundary values of m from
the boundary spectral data of A. To this end, we use the asymp-
totics of the eigenvalues A\ and eigenfunctions @y of the Schrodinger
operator Ay which corresponds to the operator A, (see Notes at the
end of the chapter)

or(T) = \/flzsin (k%i") +O(k™Y), (1.17)

Using the transformations described in Lemma 1.4, we see that

Pr(X (2)) = m'*(@)px ().
Therefore, the boundary spectral data for the operator A has the
form

31.(0) = m*2(0)[g/%(0) ¢}, (0)], (1.18)

7.(0) = m 2 W)g™ 2 (e (1)].
These formulae together with formulae (1.17) show that

2)\3/2
(0) = lim k
T IS TR 172(0) g (0)2

A/
li .
koo kg V2(1)g (1)]2

Combining these formulae with the equations (1.18), we obtain the
boundary spectral data for the Schrédinger operator Ag, which cor-
responds to an arbitrary general operator A.

Summarizing considerations of sections 1.1.6, 1.1.7, we see that
we can reduce the inverse boundary spectral problem for a general
operator to the inverse boundary spectral problem for the corre-
sponding Schrodinger operator Ajp.

m(l) =
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1.1.8. Now we are in the position to formulate our main result for
the one-dimensional inverse boundary spectral Problems 1 and 2.
The key result is the following theorem.

Theorem 1.6 Assume that {\1, A2,...,¢1(0), ©5(0),...} are the
boundary spectral data at x =0 of a Dirichlet Schrddinger operator,
Ay = 7%22 +q on an interval [0,1]. Then these data determine | and
q(x) uniquely.

Theorem 1.6 gives an affirmative answer to Problem 2.

This theorem is proven in sections 1.2 and 1.3 below. In fact, we
will describe a procedure how to find [ and reconstruct g. Obviously,
Theorem 1.6 also gives an answer to Problem 1 in the case of a
Schroédinger operator.

In the case of a general operator of form (1.4), we will first con-
struct the corresponding Schrodinger operator. The operator A lies
in the class of operators that can be obtained from this Schrodinger
operator Ag by a gauge transformation with x(0) = m'/2(0), x(l) =
mt/ 2(1), followed by a change of coordinates. All operators of this
class have the same boundary spectral data and, henceforth, are
indistinguishable from the boundary data. Moreover, Theorem 1.6
implies the following theorem for the general operators.

1.1.9.

Theorem 1.7 Two operators A and B of form (1.4), (1.3) have
the same boundary spectral data, if and only if they can be obtained
from one another by a change of coordinates and a normalized gauge
transformation.

Proof. i) The part “if” of the theorem is already proven in sections
1.1.4, 1.1.5.

ii) To prove the part “only if”, we first note that, due to (1.11),
m4(0) = mp(0), where we have denoted by m_4, [ 4, etc. the cor-
responding quantities for the operator A and by mg, Ig, etc. the
corresponding quantities for the operator B. Hence, the boundary
spectral data of the corresponding Schrédinger operators Ag and By
are the same and, by Theorem 1.6, Ay = By.

In view of the remark at the end of section 1.1.6, the operator
Ao is obtained from A by the following consecutive transformations.
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First we make a change of coordinates and obtain an operator A.
Then we make a gauge transformation corresponding to k4 with
kA(0) = mi{Q(O) and obtain Aj. Analogously, to obtain By from
B, we first make a change of coordinates and obtain an operator
B. Then we make a gauge transformation corresponding to kg with
1/2

kp(0) = myg ~(0).

Since A and B are gauge equivalent to the same Schrodinger
operator Ay = By, they are still defined on the same interval [0, ].
We have

Ao = I{A./I/{/‘El = K)Bgﬁgl,
which yields that
B = (mgll-@A).;l\(/@glmA)_l = kAr™L,

Since m4(0) = mp(0), this is a normalized gauge transformation.
Therefore, the operator B is obtained from A by change of coordi-
nates, a normalized gauge transformation and one more change of
coordinates. Finally, we observe that the resulting transformation
can be obtained as a combination of one normalized gauge transfor-
mation and one change of coordinates. O

1.1.10. The previous discussion shows that there is no chance to re-
construct all coefficients of a general operator (1.4) from its boundary
spectral data. However, in many cases that are important for appli-
cations, we have some additional information about the form of the
operator A. Sometimes, this information is sufficient for the unique
reconstruction of A, when the class of gauge equivalent operators
contain only one operator having the specified form. An obvious ex-
ample is the Schrodinger operator. Other examples are given by the
operators

d? d d

—~  B=_— —,

dz?’ dx Hiw) dx

which appear, e.g., in the study of the inverse problem for an inho-
mogeneous string.

A= —c(z)

Exercise 1.8 Show that the boundary spectral data of the operators
A and B determine ¢ and p uniquely.
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1.2. Wave equation

1.2.1. This book is devoted to the inverse boundary spectral prob-
lems. However, our approach to solving this problem is based on the
properties of the corresponding wave equation. For an operator A of
form (1.1) or (1.4), the corresponding wave equation is

OPw + Aw = 02w — a(x)d*w + b(z)d,w + c(z)w =

= 8w —m g7 V20,(mg~V?0,w) + cw =0, x€[0,]] (1.19)

where w = w(x,t). A well-known and important property of the
wave equation is the finite velocity of the wave propagation. For
equation (1.19), this velocity, v(x) is given by formula,

v(z) = a*?(z) = g3 (). (1.20)

The velocity v determines the travel time 7 between any two points
x1 and x9, 0 < a1 <0 <,

T2 T2
T(acl,xg)—/ dz :/ g% (z)dzx. (1.21)
T 1

(@)

From the point of view of physics, 7(x1, x2) is the time necessary for
a perturbation at the point x1 to reach the point xo. The travel time
can be interpreted as the physically meaningful distance between
points. We can use the travel time, 7(z) = 7(0, ) from the boundary
point 0 to a variable point = as a new coordinate. The coordinate
transformation from x to 7(x) is exactly the change of coordinates,
which transforms a general operator to a Schrédinger one. Using
also gauge transformation (1.15), which has the physical meaning
of re-scaling of the dependent variable, we transform wave equation
(1.19) into the wave equation

O*u + Agu = 92u — 9%u+ qu = 0, (1.22)
for the function u(z,t) = k(z)w(x,t).
1.2.2. The remaining part of Chapter 1 is mainly devoted to the

consideration of Problem 2 for the Dirichlet Schrédinger operator
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Ap of form (1.14), (1.3). Let us consider the initial-boundary value
problem for equation (1.22),

Opu — 0%u + glw)u = F(a,b),
ul,_o=0, ul,_; =0, (1.23)
uly_g = Ol =0,

with F' € L%([0,1] x [0,T)) for any T' > 0.

We start our considerations with the case F' € C§°([0,1] x [0,T7).
It is known that, in this case, initial-boundary value problem (1.23)
has a unique solution v € C*([0,{] x [0,T]) and u(z,t) = 0 for
x > t, when F(x,t) = 0 for z > t. The last property follows from
the finite velocity of the wave propagation, which is equal to 1 for
wave equation (1.22) (see Notes in the end of the chapter). In the
following, we need some less regular solutions. For this end, we prove
estimates for the solution.

Lemma 1.9 Let u(x,t) be the solution of the initial-boundary value
problem (1.23) for F' € C§°([0,1] x [0,T]). Then

H,y(t) < OO FII2oyxory: 0t <T, (1.24)

lu(z, )] < C(DF 2qogxpr), 0<x<l, 0<t<T, (1.25)
where

1 l
Hy(t) = 5/0 (10u(z, )% + [Bpulz, )2 + u(z, t))dz.  (1.26)

Proof. Using the wave equation in (1.23) and integration by parts,
we obtain

l
dZ“ = 5}%/ (Bpu(x, t) Bfu(, t) + Oy0pu(x,t) pu(w, t)+
0

+owu(x, t) u(x, t)) dr =

l
= [ Oyu(e. (P20 + (1 ~ q(a) jule, D)da+
0
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+R(Opu(l, t)0pu(l, t) — Syu(0, t)d,u(0,t)).

The last term in this equation is equal to zero due to the boundary
conditions in (1.23). Then,

dH, 1
< PGNP + (Cy+2) Ha, (127)
where
C, = . 1.28
q Cgel[aoﬁ]lq(x)l (1.28)

This inequality can be rewritten as

d

dt
In view of the initial conditions in (1.23), H,(0) = 0, so that inequal-
ity (1.29) implies that

t
HL(1) < 5 / e Cat D (- 1) 2 (1.30)
0

(@) < Ge O (1.20)

< C(T)HFH%%[O,Z]x[o,T])-

In particular,

l
[ 100t 0P < COIF ooy (1.31)

so that, by the Cauchy inequality,

u(z, t)]| S[J |Opu(z. t)|dz < C(T)||Fl 2o yyxpo,r)-  (1.32)
O

Estimate (1.25) makes it possible to define the solution of initial-
boundary value problem (1.23) when F' € L%([0,1] x [0,7]). Indeed,
let F,, — F in L?([0,1] x [0,T]) and F,, € C§°([0,1] x [0, T]). Denote
by uy,(x,t) the solution of initial-boundary value problem (1.23) with
F replaced by F,. Then, by inequality (1.25), there is a function
u(z,t) € C([0,1] x [0,T7]) such that

up(z,t) = u(z,t), 0<ax<l, 0<t<T.

This function u(z,t) is called the solution of initial-boundary value
problem (1.23). The previous considerations imply the following re-
sult
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Corollary 1.10 For F € L2([0,1] x [0,T]) there is a unique solution
u € C(([0,1] x [0,T]) for which estimates (1.24), (1.25) are valid.
Moreover, if F(z,t) =0 for x >t then u(x,t) =0 for x > t.

Remark. It is known that, when F' € L%(]0,1] x [0,7]), the function
u(z,t) coincides with the unique weak solution of initial-boundary
value problem (1.23). Moreover, estimate (1.24) means that this
weak solution belongs to the energy class. The properties and unique-
ness of the weak solutions can be found in details from references
given in Notes.

1.2.3. The initial-boundary value problem for the equation (1.22),
which is related to the inverse boundary spectral problem, is the
problem

Ofu — O%u + q(z)u = 0,
Ul =f(t), ul,oy =0, (1.33)
uly_o = Geuly,_o =0,
for f € L?([0,T]). We denote u(z,t) = uf(x,t) to indicate the
Dirichlet boundary value of u. Function f is also called the boundary
source.
When ¢ = 0, the solution ug (z,t) of this problem, for 0 <t < T,
is given by the formula

uf(e,t) = Y [t —w—25) = ft+e—2G + 1), (1.34)
j=0
when we continue f(t) to be 0 for ¢ < 0. We point out that, for
t < T, the sum in the right-hand side is finite. Indeed, all terms for
j > T/l vanish.

To construct the solution for the initial-boundary value prob-

lem (1.33), we consider the solution u{ (z,t) of the following initial-

boundary value problem,

(07 — 02 + q(a))u] = —quf,

ui‘mzo =0, fu{’mzl =0, (1'35)

ui |,y = O [,y = 0.
By Corollary 1.10, u{ € C([0,1] x [0,T]). Then the unique solution
of initial-boundary value problem (1.33) is given by the formula,

uf (z,t) = ul (z,t) + uf (z, ). (1.36)
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Denote by C([0,77], L2(]0,1])) the space of functions of ¢ with values
in L2([0,1]), which depend continuously on t. We denote the norm
of the space L2([0,1]) by [|-||-

Lemma 1.11 For any f € L?([0,T)), initial-boundary value prob-
lem (1.33) has a unique solution u/ (z,t) € C([0,T], L?([0,1])), such
that

I/ (0| < C)|fl, t<T.

Proof. Each term in the right-hand side of formula (1.34) is in
the space C([0,T], L*([0,1])). Since the sum in (1.34) is finite, ug €
C([0, 7], L2([0,1])) and

lud (-, 0)]| < @)/

Then the right-hand side in (1.35), i.e., the function —qug € L2([0,1]x
[0,T]). By Corollary 1.10, u{ € C([0,1] x [0, T]) and satisfies estimate
(1.32) with F = —qu{. Therefore,

juf (z,1)] < C(D)lqud || 2o <oy < CLO)IIFL

1.2.4. In this section, we will construct Green’s function G(z, t,t'),
t" > 0, for problem (1.33). G(z,t,t') is the weak solution of (1.33)
with the boundary source f(t) = §(t —t’), where §(t) is the Dirac
delta-function,

RGC—PC+q¢G=0, O<z<l, t>0,
G‘x:O - 6(t - t/)’ G‘x:l =0, (137)
Lemma 1.12 Let G(z,t,t') = G(z,t — t') be

Ga,t, t') =6t —t' —x)—

%/000 q(x’)dz’ - H(t —t' — x) + Go(x,t — ). (1.38)
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Here H(t) is the Heaviside function and Go(z,t) a continuous func-
tion satisfying the initial-boundary value problem,

O}Go — 92Go + qGo = (— 34 (z) + @ Jo a(z')de')H(t — x)
G0|x:0 = G0|z:l =0 (1.39)
Golr—y — OLGialyy 0.

Then G(z,t,t") is the unique solution of initial-boundary value prob-
lem (1.87) for 0 <t <.

Proof. Step 1. By Lemma 1.11, initial-boundary value problem
(1.39) has a unique solution Gy(z,t) € C([0,1] x [0,]). Moreover,
Go(z,t —t') is the unique solution of problem (1.39) with H (¢t — z)
replaced by H(t —t' — ). It is clear that G(z,t,t') of form (1.38)
satisfies the initial and boundary conditions required in (1.37). The
fact that G satisfies the wave equation (1.37) can be verified by direct
substitution.
Step 2. Let G(z,t,t") be the solution of problem (1.37). Then,

Go(z,t,t') = Gz, t,.t')—8(t —t' — x)—l—% / q(z)da' - H(t —t' — ),
0

satisfies system (1.39) with H(t—x) replaced by H(t—t'—z). There-

fore, by Lemma 1.9,

GO(Iata t/) - Go(ZE, t— t/)a
which proves the uniqueness. O
In view of Corollary 1.10, Go(z,t) = 0 for x > t. Therefore,
representation (1.38) implies that G(z,t,t') = 0 for z > ¢t —t'. We
use Green’s function only for 0 < ¢ < [, when there is yet no reflection
from the right end =z = 1.

Green’s function G(z,t) can be used to represent the solution of
initial-boundary value problem (1.33) with an arbitrary f € L%([0,T7),

o (2,8) = /0 Gl ) ()t = (1.40)

t
= f(t—x) +/0 Gi(x, ) f(t —t)dt',
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which is valid for ¢ < [. Here
1 X
Cr(z, ) — —5/ o(@)da’ - H(t —2) + Go(z,t).  (1.41)
0

The function (1 is continuous with respect to (z,t) in the domain
z <tand Gi(x,t) =0 for z > t.

When f € C§°([0,T]), we can differentiate representation (1.40)
with respect to t. Then,

ruf (z,t) = F™(t —z) + /tGl(x,t’)f(”)(t —dt',  (1.42)
0
so that o/ (z,t) € C>([0, 17, L([0,1])).

1.2.5. In this section, we will obtain a spectral representation of
the solution u/(x,t) of initial-boundary value problem (1.33).

The orthonormalized eigenfunctions ¢ (z), & = 1,2,..., of the
Schrédinger operator Ap form an orthonormal basis in L2([0,1]).
Since the solution u/(z,t), f € L2([0,T)]), lies in L?([0,1]) for any
t, we can represent it in the form

uf (z,t) =" ul (H)pr(@). (1.43)
k=1
Here
l
ui(t) :/0 uf (z,t)pp(z)da (1.44)

are the Fourier coefficients of uf(-,¢). A simple but very important

result is a representation of u£ (t) in terms of the boundary spectral
data of Ajg.

Lemma 1.13 Let uf (x.t) be the solution of initial-boundary value
problem (1.33) with f € L*([0,T]). Then, fork=1,2,...,

()= [ 5t~ 1 54(0) (1.45)
where
HTVQ_H A > 0,
sp(t) = ts;nh\/P\_k\t i:;g (1.46)
BV rwin
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Proof. We will give the proof only for f € C§°([0,7]) and leave
the generalization to f € L?([0,T]) as an exercise. Using (1.44) and
integration by parts, we see that

dt2 £ /32 (z,t)p(x)dx =

l
= /0 {Gguf(:p, t) — q(x)uf(mat)}@k(l‘)dx _

= [0puf (1, ) (1) — ul (1,1)Buipr(1)]—

~ (827 (0, )01 (0) — u? (0, ) Dok (0)] +

1
n / o (2, 1){0%0n(x) — g(z)ou(z) ). (1.47)
0

where the second equality follows from wave equation (1.22). The
boundary conditions for uf(x,t) and ¢ (z) and the fact that ¢y is
the eigenfunction of Ag that corresponds to the eigenvalue A\, mean
that equation (1.47) takes the form

—uf (t) = —Xeud (t) + @, (0) £ (2). (1.48)

d
ul (0) = —uf(0) = 0. (1.49)

dt
Solving equation (1.48) with initial conditions (1.49), we obtain for-
mula (1.45) for the Fourier coefficients ui(t) O

Exercise 1.14 By Lemma 1.11, the map f +— u/ (-, t) is a continu-
ous map from L?([0,T)) into L?([0,1]) for any 0 <t < T. Use this
fact to show the validity of (1.45) for f € L*([0,T]).
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1.2.6. Lemma 1.13 makes it possible to calculate the inner prod-
ucts of any two waves from the boundary, i.e., solutions of initial-
boundary value problem (1.33). Indeed, let u/(z,t) and u"(x,t) be
the solutions of (1.33) that correspond to the boundary sources f
and h. Then, for any t,s > 0,

(wf (), u" (-, 8)) =Y uf (Duf(s), (1.50)
k=1

where the Fourier coefficients in the right-hand side of (1.50) are
given by formula (1.45).

1.3. Controllability and projectors

1.3.1. Representation (1.43), (1.45) makes it possible to find the
wave uf (-, T) for arbitrary f. Let us change our point of view and
try to answer the following question.

Given a function a € L%([0,1]), we want to find a source f €
L?([0,T]) such that u/(-,T) = a. Problems of this type are often
called problems of controllability. They play a crucial role in the
considerations of this book.

First, we note that, due to the finite velocity of the wave propa-
gation, which is equal to 1 in our case,

supp uf (-, T) C [0,7T7]. (1.51)

Hence, for the positive answer to the controllability problem, it is
necessary that supp a C [0, T].

When ¢ = 0, representation (1.40), where G1(z,t) =0 for t < [,
shows that u/(z,T) = f(T — x), T < I. This gives an immediate
answer to the controllability problem for an arbitrary a € L2([0,17),
i.e., for a € L%(]0,1]), supp a C [0,T], the solution is given by

f(t)=a(T —1t).
This result can be extended to the general case.

Lemma 1.15 For any 0 < T <1 and any a € L*([0,T)) there exists
a unique boundary source f € L*([0,T]) such that

uf (z,T) = a(z). (1.52)
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Proof. Using representation (1.40), we rewrite equation (1.52) in
the form

T
a(z) = f(T — ) +/0 Crla, V(T —¥)dt, 0<z<T. (1.53)

Changing variables to y = T — z, equation (1.53) takes the form

T
o(T —y) = fy) + / G (T — y ) (T — ')’

Denote G1(T —y, T —t') by Gr(y,t’). Then, due to the note after the
proof of Lemma 1.12, Gy (y,t') = 0 for ¢’ > y. Moreover, by Lemma
1.12, Gy (y,t') is continuous as a function of (y,t’) for y > t'. Now

we can rewrite equation (1.53) as a Volterra equation of the second
kind,

f(o) + /0 "Gy ) f(E)dE = a(T ).

This equation has a unique solution f(y), 0 < y < T. It can be
obtained by iterations,

Yy
fuly) = a(T —y) - /0 Gy, t) for (£,
where fo(y) = 0. O

For T > [, the solution of controllability problem (1.52) is no
longer unique. However, we can still prove the existence.

Corollary 1.16 For any T > 1 and any a € L*([0,1]), there exists a
boundary source f € L*([0,T]), such that

uw (2, T) = a(x). (1.54)

Proof. By Lemma 1.15, for any a € L?([0,1]) there exists a unique
f € L*([0,1]), such that

uf (z,1) = a(z).
Introduce the function

f(t)— 0, for 0<t<T -1,
| fE—(T—=1), for T—Il<t<T,
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f € L2([0,T)). Since g is time-independent,

uf(x,t) = uf(xat - (T - l))a
for any ¢t > 0. In particular,

uf(x./ T) =u/(z,1) = a(z).

1.3.2. In this section, we will introduce one of the main tools that
we use throughout this book to solve the inverse boundary spectral
problem. This is the so-called slicing procedure.

To define a slice, we first fix a point zg on the boundary which,
in the one-dimensional case, may be either z = 0 or x = [. Then we
take two arbitrary positive number 7 > 7 > 0. The corresponding
slice, M(xo;71,72), is the set of all points in the domain, for which
the travel time to zg lies between m and 5.

Since the coordinate x in wave equation (1.22) is the travel time
coordinate,

M(0; 11, m2) = [11, 2] N[0, (1.55)

M(l;11,12) = [l = 10,1 — 71| N[0, ].

For general wave equation (1.19),

MO;7m,172) ={z:71 < / gl/Q(x')da:/ < 1} N[0,1,
0

l
My, ) ={z:l—1 < / g% (2'Yde! <1—7}N]0,1]. (1.56)

T

Since we deal with Problem 2 only, we use notation M(11,m) =
M(0, 711, 72).

Any slice M(71,72) corresponds to a subspace L*(M (1, 72)) C
L2([0,1]). It consists of all functions with support in M (71, 7). The
orthoprojector, Pr, 7, = Pr(r, ry) in L*([0,1]) onto L?(M(71, 72)) has
the form

(P71,7'2a)(x) = Xr1,72 (J?)a(l‘), (1'57)
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where X7, r, = XA(r,m)(2) is the characteristic function of the slice

M(11,72),

(z) = 1, for z € M(ry,72),
Xnm =00, for 2 ¢ M(r, m).

Then the orthoprojector Py, -, determines the Gram-Schmidt matrix
M’Tl 3 T2

(MTl,Tg)jlc = <P~,—1,7—2<,0j, gpk), j, k = 1, 2, e (158)

We will show shortly that, for any slice M(71, 72), the Gram-Schmidt
matrix (1.58) can be constructed from the boundary spectral data.
The procedure of constructing this matrix from the boundary spec-
tral data is called the slicing procedure.

1.3.3. We precede the construction of the Gram-Schmidt matri-
ces M, ., with the demonstration of their importance for the so-
lution of the inverse boundary spectral problem. In fact, in the
one-dimensional case, the knowledge of (Pr ,¢j,¢;) as a function
of (11, 12) for any j is sufficient for the reconstruction of the potential

q.
Lemma 1.17 Assume that for some j and any ™ > 0, we know
(Po,r¢j,pj), where ¢j is a normalized eigenfunction of the Schréd-

inger operator Ag. Then these data uniquely determine | and q(x),
0<z<l.

Proof. By the definition of F -,

min(7,l)
mhwwﬁ=A () dz.

By this formula, (P pj,¢;) < 1 for 7 < [ and (Py,pj,¢;) =1 for
7 > 1. This observation makes it possible to find [. For 7 < [ we use
the formula

d
A Possi 03) = $3(7) (1.59)

As ¢;(z) has no multiple zeros for 0 < z < [, equation (1.59) deter-
mines function ¢;(z), 0 < z < [ to within a multiplication by £1.
Then, outside a finite number of points,

_ O2pi(x) + Njpi(x)
W ="""0w
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Since ¢(z) is smooth, this determines ¢ on the whole interval [0, [].
O

1.3.4. In this section, we will construct the Gram-Schmidt matrix
My, 7, from the boundary spectral data.

Theorem 1.18 Let {)\j,gog-(O) : j=1,2,...} be the boundary spec-
tral data of a Schridinger operator Ag. Then these data determine
the Gram-Schmidt matriz M., -, for any 0 <1 < 1 <.

Proof. The proof will be divided into several steps.
Step 1. By the definition of M, ,,,

M, 7y = Mo 7, — Mo 7,

Therefore, it is sufficient to construct My, for arbitrary 7 > 0.

Step 2. Let us take any orthonormal basis {ag(t);k = 1,2,...}
in L2([0,7]). Denote by u® (z,t) the solutions of initial-boundary
value problem (1.33) with f(t) = ax(t), k=1,2,....

In view of Lemma 1.15, the finite linear combinations of functions
u®(-,7), k = 1,2,..., form a dense set in L?([0, min(7,1)]). More-
over, by means of the construction in section 1.2.6, we can find the
inner products (u® (-, 7),u® (-, 7)), j,k = 1,2,.... In general,

Ukj = <uak('77—)auaj("7-)> 7é 5kj7 (1'60)

so that u®* (-, 7) are not orthonormal.

Step 3. Using the Gram-Schmidt orthogonalization procedure
for the matrix {Uy;}7—;, we can find finite linear combinations of
uk (z, ),

Z dklu CU T

which form an orthonormal basis in L2([0, min(7,1)]). Since initial-
boundary value problem (1.33) is linear,

v(x) = v’ (z, 7). (1.61)

where

p(l)
t) =Y dpax()
k=1
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Step 4. Since {v(z),l = 1,2,...} form an orthonormal basis in
L?([0, min(7,1)]), then, for any a € L%([0,1)),

o0

Rra=Y (a,v)u(x). (1.62)

=1

In particular, this formula implies that

(Porpjs k) = Y _{pjv)(pr, vr).- (1.63)
1=1

Furthermore, the inner products (v;, ;) are the Fourier coefficients
of vi(z) with respect to the basis {¢;(z),j = 1,2,...}. By Lemma
1.13,

(o1, 05) = / " Bi(t)s; (7 — )t (0),

where s;(t) are given by formulae (1.46). O

Hence Theorem 1.6 is proven.

1.3.5. To conclude section 1.3, we will show that the Gram-Schmidt
matrix M, -, determines the inner products (P, nuf(-,t),ud(-,s))
for any sources f, g and t,s > 0. This result is used later to provide
another solution of the one-dimensional inverse boundary spectral
problem.

Lemma 1.19 For any sources f,g € L?*([0,0)),

oo

<PT1 ,TQUf('v t)v ug(_’ S)> = Z (MleTQ)jku‘{(t)ui(s)? (1'64)
k=1
where u;“(t) and ui(s) are given by formulae (1.45).

Exercise 1.20 Prove formula (1.64).

1.4. Gaussian beams

1.4.1. In this section, we will introduce the second main tool, which
is also used later to solve the multidimensional inverse boundary
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spectral problem. As it was shown in section 1.3, the slicing proce-
dure is sufficient to reconstruct the potential g. To illustrate the dif-
ference between the one-dimensional and the multidimensional cases,
we mention two things. Both of them are of geometric character.

i) In the one-dimensional case, the slice M(711,72) is known a priori
for each 71 and 7. This follows from the fact that, in the one-
dimensional case, any operator can be transformed to a Schrodinger
operator. Then, in the travel-time coordinates, the corresponding
slice is just the interval 7 < x < 7o. In the multidimensional case,
it is, in principle, impossible to transform a general second-order
operator to the form

(G e+ (o)

so that the boundary spectral data remain intact. Henceforth, the
geometry of slices are a priori unknown.

ii) In the one-dimensional case, the slices M (71, 72) shrink to zg, if
T < x9g < 19 and 71,72 — x9. This makes it possible to isolate
the point xp. We have used this localization to find ¢(z). In the
multidimensional case, when 71,75 — 79, the corresponding slices
M(11,72) do not, in general, tend to one point. There is a way
to develop an analogous slicing procedure to get localization in the
multidimensional case. However, we prefer to overcome this difficulty
by using some special solutions of the wave equation that have the
localization property. In this section, we will construct some special
solutions of the wave equation which, at any time ¢, are localized
near a point x = z(¢). These solutions are called Gaussian beams
or quasiphotons. The point of localization, = = z(t), moves along a
characteristic of the wave equation.

1.4.2. Consider initial-boundary value problem (1.33), where the
source f is of the form

(1) = fe(t;a) = (&)™ exp {—(i€)'0(t — a)}xa(t).  (1.65)

Here

o(t) = —t + %tg, (1.66)
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is called the phase function and a and € are positive constants, and
the function x,(t) is given by the formula,

Xa(t) —x<taa>,

where x(t) is a usual smooth cut-off function,

1, for |t] < 1/2, .
x(t) { 0 for[t>1 0<x(z) <1, x€C®R).

Definition 1.21 The Gaussian beam uc(x,t;a) is the solution of
initial-boundary value problem (1.33) with the source f. of the form
(1.65), (1.66).

Usually, Gaussian beams are defined as a special class of asymp-
totic solutions of the wave equation. We use only Gaussian beams
of a special type. Their asymptotic properties are described in the
following theorem.

Theorem 1.22 Let uc(z,t;a) be a Gaussian beam. Then for t <
l+a

ue(x, t;a) = (1.67)
(me) Yo (t — ) exp {—(ie) 10t — x — a)}(1 +ieuy (z,t — a))+

+Re(x,t;a),
where
w(t) = —— / " g(a)da (1.68)
WOV T o —1) Jy ' -
The remainder R(x,t;a) satisfy the estimate
IRe(-,t50)|| < C€, (1.69)

where the constant C may depend on a and t <+ a.
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Proof. We construct the Gaussian beam by using the anzatz,

N
UN(x,t) = (we) Vexp {—(ie) 10(t — )} Y un(,t)(ie)". (1.70)

n=0

Following the ideology of asymptotic methods, we consider € as an
independent, small parameter.

Step 1. When we substitute U (x,t) into wave equation (1.22)
and obtain a polynomial of € with coefficients depending on (z,1),

GFUN — JUY + q(=)UY =

N+1

= Vi exp {—(ie) 10(t — x)} Z vn(x, t)(i€)",  (L.71)
n=0

where
vy, = {20 (t — x)(0y + Op)un(z,t) — (0} — 02 + q(2))un_1(z, 1)},

forn=0,1,...,N+1,and u_1 =0, uy41 =0.

Next we will find the N + 1 unknown functions ug, ..., uy, using
the N + 1 equations vg = 0,...,vxy = 0. Note that we do not pose
any conditions for vy41. This will minimize the right-hand side of
equation (1.71) when e — 0. The requirement that v, (z,t) = 0 for

n=0,1,..., N, yields a recurrent system of equations for u,(zx,1t),
ou,, -1 FPup_1  Pup_q
—_— = 2 — — )y 1.72
o 00) = g | it — g — 0+ D p (LT)

where we use the coordinates y = = — t and t.
To satisfy boundary condition (1.65), we require that

uo(y,—y) =1, up(y,—y)=0, forn=1,... N. (1.73)
which in coordinates (x,t) correspond to the conditions
up(0,t) =1, wuy(0,t) =0, for n=1,...,N.

Equations (1.72) are ordinary differential equations in ¢ for the func-
tions wu,(y,t), where y is considered as a parameter. Therefore,
system (1.72), (1.73) constitutes a Cauchy problem for w,. Since
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u—; = 0, we can solve these equations recurrently, starting from
n = 0. In particular, we obtain that up = 1 and u; have form (1.68).
Next we use UY to construct the Gaussian beam u.(z,t;a) and
prove estimate (1.69).
Step 2. Consider the function x,(t — 2)U2(x,t — a) that corre-
sponds to N = 2. This function is the solution of the initial-boundary
value problem,

(8t2 - 8£ + Q) [Xa(t — x)Uz(m,t —a)| = fe,a(itat)a (1.74)
Xa(t — 2)U%(x,t — a)’mzo = f(t,a), Xa(t —z)U2(z,t — a)‘z:l =0,

Xa(t — ) U2 (z,t — a)‘tzo = O[xa(t — 2)U2(z,t — a)] ‘t:O =0,
for any t <. Here F, ,(z,t) is a function that satisfies the inequality,

1 Fea

L2([0,0x[0,1]) = Ca€”. (1.75)

Estimate (1.75) follows from two observations.
First, for any M > 0,

| exp {—(ie) 0(y)}(1 — x(v))| < Ce

and the same is true for all derivatives of this function. Therefore,
multiplication of U2 (z,t) by xa(t — z) gives an error of order ¢ for
any M > 0 to (1.33).

Second, due to the constructions of step 1, U2 satisfies the equa-
tion

(07 — 02+ q) U2 = 77 T exp {—(i€)~10(t — & — a) }v3(x, 1) (i€).

Step 3. Comparing initial-boundary value problem (1.33) with
f = fe(t,a) of form (1.65) and initial-boundary value problem (1.74),
it follows from Lemma 1.11 that,

e (-, t50) = Xa(t — YUZ(-,t — a) |l r2(po,)) < Ca€®,

for any ¢ < [.
At last, we observe that in the sum (1.70) with N = 2, the last
term satisfies

||e_ixa(t — ) exp {—(ie)_lﬁ(az —t+ a)}(z'e)2uz(a:, t)HL2([0,l]) < C,e
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for any ¢ <.
Summarizing, we obtain representation (1.67), (1.68) with the
remainder estimate (1.69). O

Using the representation of the Gaussian beam given by Theorem
1.22, we see that

|ue(- t;a)|| = 14+ O(€?), fora<t<I. (1.76)
Exercise 1.23 Prove estimate (1.76).

1.4.3. In this and the next sections we will combine the slicing
procedure and the technique of Gaussian beams to find ¢(x).

Lemma 1.24 Let uc(x,t;a) be a Gaussian beamn. Then, for any t,
T, a, €, such that

O<a<t<l, 7<t—a, 0<e<]l,
we have

(Poruc(,t;0),uc(- t0)) = O(), 7 <t-aq,
(Porue(-,t;a),uc(- t;a)) =14+ 0(2), 7>t —a, (1.77)

1 63/2 T
.
RPN

Note that the left-hand side is continuous with respect to t, 7, a, €.
On the other hand, the right-hand side is discontinuous with respect
to t, 7, a. This means that asymptotic formula (1.77) is not uniform
with respect to t, 7, a. It actually describes the behaviour of the
inner product as a function of €, ¢ — 0, for fixed parameters t, 7, a.

(Porue(-yt;a),ue(-, t;a)) = q(z)dz + O(?), 7=t a.

Proof. The first two inequalities of formula (1.77) for 7 < t —a and
T > 1 — a, can be obtained by the following considerations.

First, in view of the exponential factor exp {—(ie)~10(t — x — a)},
the Gaussian beam uc(z,t;a) decays exponentially when ¢ — 0 and
r #t — a. Second, by formula (1.76), the L?-norm of the Gaussian
beam is 1+ O(€?).
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To prove formula (1.77) for 7 = t — a, we use the asymptotic ex-
pansion given by Theorem 1.22. Due to estimate (1.69) of R.(z,t; a)
and the exponential decay for the Gaussian beam,

<P0,t7au6('7 L a)a ué('a L a)> =

= /t_a|U€1(x,t—a)|2dx+0(62). (1.78)

—00

Here U! is given by formula (1.70) with N = 1. By means of repre-
sentation (1.67), (1.68), the integral in the right-hand side of formula
(1.78) can be written in the form

0
(me)~1/? / €7y2/6(1 —2eSui(y +t—a,t —a))dy + O(?) =

73 [ 005—40 - (5 | + i(a)ds )+ O(),(1.79)

where y = x—t+a. Using representation (1.66) for the phase function
0, we see that

& (ﬁ /Oy+t—a q(:v)dx) = y/ot_a q(z)dz + O(y?).  (1.80)

Combining estimates (1.79), (1.80), we obtain that

(we)=1/2 /_(; /e [1 €S (9,(1_y) /Oy+t_aq(x)dx>] dy =

1 €3/2 t—a
=+
2" o7 J,

Summarizing the previous calculations, we prove formula (1.77) for

q(z)dz + O(?).

T=1t—a.
O
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1.4.4. We are now in the position to describe a procedure to solve
the inverse boundary spectral problem.

i) By means of the slicing procedure described in section 1.3.4, we
find the Gram-Schmidt matrix My, for any 7 > 0.

ii) By means of the procedure described in section 1.3.5, we calculate
the inner products

(Porue(-, T+ aya), uc(-, 7 + a; a)).

iii) Using these inner products, we obtain from Lemma 1.24 that

t
/ q(z)dzr = lim @ (Posue(-t+aya),uc(-t +aja)) — E (1.81)
0 e—0 € /2 ’ 2

for0<t<l—a.

iv) Differentiating integral (1.81), we find ¢(z) for 0 < z < [ — a.
Since a > 0 is arbitrary, ¢(z) is found for 0 < z <.

Notes. There are numerous textbooks on the spectral theory of
the Sturm-Liouville operators. The properties of the eigenvalues and
eigenfunctions of these operators, and, in particular, their asymp-
totic properties, which are used in sections 1.1.2 and 1.1.7, can be
found, e.g., in [Ki], section 4.3, [LeSa], Chapter 1, [ReRg|, Section
10.2, [ChCoPaRn]|, Chapter 3. The precise formulation of the initial-
boundary value problem for the wave equation and its main proper-
ties, such as existence, uniqueness, regularity and finite velocity of
the wave propagation, can be found, e.g., in [Ld], Chapter 4, [Ev],
Section 7.2. These textbooks deal with the multidimensional case
and we use them also as our standard references for the multidimen-
sional wave equation. The theory of the one-dimensional Gaussian
beams, which is described in section 1.4, is self-contained. For those
readers who are interested in further developments of this theory, we
can recommend [BaBuMo|, Chapter. 3. The basic theory of Volterra
equations used in Chapter 1 can be found, e.g., in [ChCoPaRn].
The one-dimensional inverse boundary spectral problem goes back
to the classical works [Am], [Bo], [Lv], [GeLe|, [Kr1]-[Kr4], [Mal]-
[Ma4]. There are now numerous efficient methods to solve this prob-
lem and also other types of the one-dimensional inverse problems.
We refer only to some major classical and modern textbooks on
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the subject, such as [PoTr], [Mal], [Ma2], [LeSa], [Nz], [Le], [ChSa],
[BeBl1], [Ki]. Our approach, which is developed in this chapter, has

its roots in the method of Krein-Blagovestchenskii, [Krl]-[Kr4] and
[Bl1] [BI3].
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Chapter 2

Basic geometrical and
analytical methods for
inverse problems

This chapter is of an auxiliary nature. Here, we describe funda-
mental geometrical and analytical results that are the mathematical
background of the approach to the inverse problems developed in
Chapter 3 and 4. We believe that the geometrical and analytical
ideas described in this chapter are by themselves important for the
mathematical theory of inverse problems.

Section 2.1 is devoted to the basic concepts of differential and
Riemannian geometry. These concepts are rather standard for text-
books in geometry. We, however, pay special attention to the case
of a manifold with boundary, which often lies beyond the framework
of the standard textbooks in geometry.

Section 2.2 deals with the elliptic self-adjoint second-order differ-
ential operators on manifolds. We pay special attention to the gauge
transformations of such operators. These transformations are impor-
tant for the further development of the invariant theory of inverse
problems.

In section 2.3, we consider the initial-boundary value problem
for the wave equations on manifolds with boundary. Our exposition
differs somewhat from many standard textbooks on the subject due
to the invariant formulation of the results.

In section 2.4, we develop the multidimensional theory of Gaus-
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sian beams. This theory is rather new and not presented in the
textbooks. For these reasons, our exposition is self-contained.

Section 2.5 is devoted to the Carleman estimates and unique con-
tinuation for the wave equation. As this material is rather advanced
and is not contained in the existing textbooks, we provide complete
proofs of the results. Our exposition differs from other works on the
subject in the way we use only energy-types estimates, rather then
microlocal analysis.

2.1. Basic tools of Riemannian geometry for
inverse problems

In this section, we will briefly describe the foundations of differential
and Riemannian geometry for a reader unfamiliar with the subject.
Our choice of material is dictated by further applications to inverse
problems. Readers who are interested in a more systematic exposi-
tion of Riemannian geometry are referred to the literature cited in
Notes to the chapter. We provide proofs only if they cannot be found
in the standard textbooks.

2.1.1. In this book we consider compact manifolds A of dimen-
sion m > 1. In fact, any compact m-dimensional manifold can be
seen as a compact m-dimensional surface in R* for sufficiently large
k. Any compact manifold N can be covered by a finite collection
of open sets U; with one-to-one homeomorphic mappings X; on U,
X; : Uy — U ¢ R™. The sets U; and the maps X; are called the
coordinate charts and the coordinate mappings on A (see Fig. 2.1).
In this book we deal with smooth manifolds, i.e., C'*°-manifolds,
which means that X; oXj_1 : X;(U;nU;j) — X;(U; N Uj) are smooth
mappings. In the other words, a compact manifold consists of a fi-
nite number of pieces of an Euclidean space that are glued together.
The functions X;(x) = (z}(x),...,27(x)) € R™ are called local
coordinates on U;. Sometimes, when there is no danger of misunder-
standing, we also write x = (z!,...,2™) identifying a point x € N
with its representation in some local coordinates. All manifolds in
this book are assumed to be compact and connected.
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Figure 2.1: Coordinate charts and coordinate mappings

\V

2.1.2. Our next goal is to introduce a tangent space at a point
x € N. When a manifold N is interpreted as a surface in the higher
dimensional space R¥, the tangent space is just the “plane”, which
is tangent to the surface. To define the tangent space in an abstract
way, consider a path p through x, p : (=4,0) — N, u(0) = x. Inlocal
coordinates (U, X), the path u has the form u(t) = (z'(t),...,2™(t)).
The velocity vector of this path (at the point x) is

dx! dz™

- <%(0),...,7(0)>.

If we use some other local coordinates ([7 X ) near x, then the com-
ponents of the vectors v are changed according to the rule,

du
_ 1 my _
v=(v,...,0") p

Nl
W= ok 2.1

Oxk (2.1)
Here, we use Einstein’s summation convention by omitting sum-signs
for indexes that appear both up and down in formulae. For instance,
we denote a¥by, = Dok akby.
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Figure 2.2: Tangent space

The tangent space Tyx/N at x is the vector space of all these ve-
locity vectors, which are also called tangent vectors (Fig. 2.2). Each
tangent vector can also be considered as differentiation on functions
f € C*®(N), i.e., the functions f, which are smooth in local coordi-
nates. Precisely, we define

d dz’

(f(u®)]  =of

-4 W v,
dt o a =~ Vol

v(f)

where

0
0./ = 2L (x).
Clearly, Ty is a m-dimensional vector space. The basis of the tan-
gent space Ty, which corresponds to the local coordinates (U, X)
is

e1 = (1,0,...,0)...., ey = (0,0,...,1).

Vectors e are also denoted by
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so that
0
k
v =0"—:.
oxk
The cotangent space TiN is the space of the linear functionals on
Ty N . Its elements are called covectors or 1-forms and denoted by p.

The basis of the cotangent space To N, which corresponds to local
coordinates (U, X), is

with
0
k _ <k
Then p = pjda’. The duality between TN and TxN is denoted by
(p,v) = pjv’.

If we use other coordinates ((7' ,)? ) near x, then the components p;
are changed according to the rule

- oxJ
Pk = @pj-

2.1.3. The disjoint union of the tangent spaces,

TN = | TN
xeN

is called the tangent bundle of V. Respectively, the cotangent bundle
T*N is the union of the spaces T4, x € N.

These bundles can be considered as smooth manifolds of dimen-
sion 2m. Local coordinates on TN are constructed from the local
coordinates on N. Precisely, local coordinates (U, X) on N induce
the corresponding local coordinates (TU, X) on TN, where

TU = U TN, X:(x,v)— (2}, ., 2™ vl ... o™ € R*™
xeU

where (z!,...,2™) are local coordinates of x and (vl,...,v™) is the
representation of v in basis %. Coordinates of T*AN are defined
analogously.
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A smooth mapping V : N — TN such that v = V(x) € ToN
is called a smooth vector field on N, i.e., a vector field consists of
vectors attached to all points of the manifold. In local coordinates,
smooth vector fields are given by V(x) = (v}(x),...,v"(x)) where
vl (x) € C®(U).

Analogously to the definition of a vector field, smooth mappings
p : N — T*N such that p(x) € TN are called differential 1-forms
on N. The space of vector fields is denoted by FN and the space of
differential 1-forms by A'(N).

In addition to the tangent and cotangent spaces, we need their
tensor products. A multilinear mapping

T :TiN x -+ X TEN X TN x -+ x LN — R (2.2)

1 k

is called (I, k)-tensor, or [ covariant and k contravariant tensor. The
space of (I, k)-tensors is denoted by TEPN . 1ts basis is given by

9 . .
. ... Tk

pye R ® s Rdr’ ® -+ @ da’*, (2.3)

where i1,...,4, J1,...,51 € {1,...,m}. For example, an operator

S : TyN — TyxN can be identified with a (1,1)-tensor. Analogously,
we can operate with complex tensors that are C-valued mappings.

Smooth tensor fields on N are defined similarly to smooth vector
fields. The space of smooth (I, k)-tensor fields is denoted by F“*N.
For instance, vector fields may be considered as 1-contravariant and
1-forms are 1-covariant tensor fields.

Let f: N — N be a smooth map between two manifolds A and
N, dimN = m, dimN = M. At any x € N, the map f defines a
linear mapping

~

df‘x : TxN - Tf(x)N.

If (fY(zt, ... 2™, ..., f7(z!,.. .,@™)) is the representation of f in
local coordinates (U, X) near x and (U, X) near f(x), then

df |x(v) = (B f 208, .0 f™0%), k=1,...,m,

Hence f defines the mapping df : IN — TN , which is called the
differential of f. Note that when AN/ = R, the map f is actually a
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function, f € C*°(N). As for any s € R the tangent space T5(R)
can be identified with R, Ts(R) = R, then df|x € T (N'). Thus, the
differential df of a function is a differential 1-form, i.e. df € A*(N),
and

(df|x,v) = v(f), veETN).

The mapping f also determines the pull-back f* : C’OO(JV ) —
C(N),

[r9(x) = g(f(x)). (2.4)

Let N and N be two manifolds and f : N — N be a smooth bi-
jective mapping such that f=1! : N — N is also smooth. Then f
is a diffeomorphism from N to N and N and N are diffeomorphic
manifolds. Diffeomorphic manifolds are identical from the point of
view of differential geometry.

2.1.4. Our interest is focused on Riemannian manifolds, which are
manifolds equipped with metric structure. Precisely, a Riemannian
manifold (N, g) is a manifold N with a positive-definite 2-covariant
tensor field g called the metric tensor. In local coordinates, g is given
by a smooth, positive-definite, symmetric matrix function g(x) =
gij(x)]]%=;. For any x € N, the metric tensor defines an inner
product on Ty N,

(v, W), = gij(x)v'w!, v,w € TRN,
and on TN
(p7 q)g = g”(x)plqja pP.q € T;:N

Here [g%] is the inverse matrix of [g;;]. The length |v|, of a vector v
is given by |v|2 = (v,v),. A Riemannian metric induces a canonical
transformation

I, TN — TN, (2.5)
which maps a covector p € TAN to a vector v € Ty N, so that

(p,w) = (v,w),, for any w e TWN.
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In local coordinates,
(Igp)j =0l = gijpi-

This transformation defines a norm in 73N, |p|, = |I;p|,-
For any function f on N, the canonical transformation I, makes
it possible to define the gradient vector field, Grad f,

Gra’df|x - Ig df|xv
so that
(Grad fl, . v)y = df|x(v), v eTN.

In local coordinates,
; 0
Grad f = g* o) f —.
rad f kf 57

2.1.5. The metric g defines the length |ula,b]| of any path u :

.6 — .
b
n(la.t)) = [

The lengths of paths define also the distance d(x,y) = dn(x,y)
between any points x,y € N, which is the infimum of lengths of paths
connecting x and y. In this chapter we assume that all manifolds
are complete metric spaces with respect to this metric.

A path p : [a,b] — N with endpoints p(a) # p(b) is called the
shortest path between its endpoints if

du(t)

7 dt.

g

u(la, b])| = d(p(a), p(b)).
By the Hopf-Rinow theorem for any points x,y on the complete
manifold A can be connected by a shortest path. The metric tensor
g induces the Riemannian volume dV/,

dVy = g\?(x)dz" ... da™,

where g = det (g;5).
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2.1.6. Our next goal is to define an invariant, i.e., independent of

the choice of local coordinates, differentiation of the vector fields.
Let x € N, v € TLN, and W € FN. The covariant derivative

of W in the direction v at the point x is a vector in 74N which, in

local coordinates (x!,...,2™) near x, has the form
VoW = P9, W (x)-2 4 T (x)oP W (x) 2.6
vW =1"0p (X)@+ pa(X)v (X)@- (2.6)

Here Ffj are the Christoffel symbols,

1 9gjp | 99ip  0gij
k(x) = =g P P =2,
Iij(x) 29 < oz’ " o 81:?)

Exercise 2.1 Show that the transformation rule of the Christoffel
symbols Ffj, induced by the change of coordinates (z',...,2™) —
(z,...,2™), is given by the formula.

~p _ 0zF 0z" Ox* q ozk 9%z*

.. = — T T T o - . 2-
Y Qxe 0zt 9xd " Qx® 0xPOTI 27)

In particular, formula (2.7) implies that the Christoffel symbols Ffj
do not form a tensor.

Exercise 2.2 Using formula (2.7), show that VW given by (2.6)
18 a vector.

In particular, if V, W are vector fields then Vi W is a vector field.

Exercise 2.3 Show that the Christoffel symbols are compatible with
the Riemannian metric tensor g, i.e.,

X((Y, 2)g) = (VxY, Z)g + (Y, Vx Z)g. (2.8)
Covariant differentiation defines the divergence , Div W, of a vec-

tor field W on a Riemannian manifold. Div W is a scalar function,

Div W =)V, (W, hj)g,
j=1
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where h; are vector fields which, at any point x, form an orthonormal
basis of Tx V. In local coordinates near x,

Div W = 8,W”(x) + I, (x) W(x) = g /*(x)8,(9"*(x) W7 (x)).

The definition of the covariant derivatives can be easily generalized
to the case of a path p and a vector field W along pu, i.e. a mapping
W :[a,b] — TN with W(t) € T,,;/N. The covariant derivative v
of W along p is given by

D dWwk
W =V, W= <— + Flgqvaq>

dt dt ok’

where v(t) is the velocity vector along the path p.

Similarly, we can define the covariant derivative VT of a tensor
field 7. In particular, the covariant derivative of the (1, 1)-tensor
field S, S € F'N in the direction v at the point x is given by

_ _ ) .
VoS = (WF0LS] + TpguSE = Th,0"S}) = @ da? € F' .

Clearly, this formula is written in local coordinates near x.

Let (N, g) and (N,g) be two Riemannian manifolds and let f :
N — N be a diffeomorphism. If, in addition, for any x,y € N, we
have dy(x,y) = dg(f(x), f(y)), then f is said to be an isometry

from N to ./\A/’ and N and ./\7 are isometric manifolds. Isometric man-
ifolds are identical from the point of view of Riemannian geometry.

2.1.7. When the vector fields V and W are considered as differen-
tiations, their commutator defines the vector field

V,W]=VW — WV € FN,

which is also called the Poisson bracket of V' and W.

The covariant differentiation defines another important geomet-
rical object called the curvature operator. Let V,W,Z € FN. Then
the expression,

R(V.W)Z = (VyVw = VwVv)Z = ViywZ, (2.9)

defines a vector field, R(V,W)Z € TN. Although the expression
on the right-hand side of (2.9) looks like a second-order differential
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operator on 7, it does not contain any differentiation at all. In local
coordinates,

S o
— k 7l
R(V,W)Z = R, VIW*Z Eel (2.10)
where Ré- i form a tensor called the curvature tensor. Its components
can be expressed in terms of the Christoffel symbols, namely

Riyy = 0kLl; — 0% + LTk — DLy (2.11)

Formula (2.10) shows that R(V,W)Z|, depends only on the values
V, W, and Z at the point x and, henceforth, that the curvature
operator R(v,w)z is defined for v,w,z € ToxN, x € N.

2.1.8. The notion of a shortest path between points gives rise to
the concept of a geodesic on the Riemannian manifold. A path
p([a, b)) — N is called a geodesic if, for any a1,b; € [a,b] with suffi-
ciently small |b; —aq], the path wu([ai,b1]) is a shortest path between
its endpoints, i.e.

|u(lar, bi])| = d(p(ar), p(b1)).

In the future, we will denote a geodesic path u by v and parameterize
v with its arclength s from a point x = p(a), so that |dvy/ds|, = 1.
Let x(s)

3

be the representation of the geodesic v in local coordinates (U, X).
Then x(s) satisfies the second-order differential equations

QCL'k S xi S m- S
Tr) (e 21 0), (2.12)

where I‘fj are the Christoffel symbols.

Exercise 2.4 Let v(s) be the velocity vector field of the geodesic 7.
Show that

Vev =0.
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Equations (2.12) supplemented with initial conditions

dv(0)
’Y(O):yEN, T:WGT};/\[, |W|g:1,
determine the unique geodesic 7y w that starts at the point y in the

direction w. The subsets SN C TN and S*N C T*N,
SN = {(y,w) € TN : [wl, =1},

S*N ={(y,p) €T"N : |p|y, = 1}.

are called the sphere bundle and co-sphere bundle of N.
The following results are well known.

Lemma 2.5 The shortest paths on a Riemannian manifold N have
the following properties,

i) Any shortest path between points x,y € N is a geodesic.
ii) Let v(]0,b]) be a shortest geodesic between its end points. Then

’y([al,bl]) C")/([O,b]), 0<a; <b <,
is the unique shortest geodesic between y(a1) and v(by).

Exercise 2.6 Prove the result ii) in the above lemma. Vice versa,
prove that if ([0, b1]) is not a shortest geodesic, then y([0,b]), b > by
18 not a shortest geodesic between its endpoints.

2.1.9. The set of geodesics, starting at a point y, determines a
mapping expy : TyN — N,
expy (v) = yw(lvly), W=,
[vlg
which is called the exponential mapping (see Fig. 2.3).
Since the tangent space of the tangent space Ty N at the point
(y, w) is itself an m-dimensional vector space, it can be considered as
identical to the space Ty N'. More rigorously, we identify the velocity
vector of the path p(t) = w + tv in T,V with the vector v € TyN.
Thus, we consider the differential of the exponential mapping as a
mapping dexpy |y : TyN — TuN, where x = exp,, v.
Varying y € N, we obtain the exponential mapping exp : TN —

exp(y, v) = expy(v).
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Figure 2.3: Exponential mapping

2.1.10. The exponential mapping is used to define a natural system
of coordinates near any given point y € N. In these coordinates, the
Riemannian manifold N near y looks almost like a Euclidean space.

To introduce these coordinates, we start with an orthonormal
basis e;, j =1,...,m,

(eja ek)g = 6jk
in Ty N. Then, for any vector v € TyN,
v = vjej, (v!,...,0™) € R™,

the length is given by |v|§ =Y ||
Denote by B, an open ball of radius p in TyN'. Then,

eXpy(Bp> = Bp(Y)a

where

{x e N': d(x,y) < p} = B,(y)
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is the metric ball in V. For p sufficiently small, (B,(y),exp;!) is a
local coordinate chart near y and

exp;l(x) = (v!,..., ™) (2.13)

are coordinate functions on B,(y). Such coordinates are called the
(Riemannian) normal coordinates centered at y.

2.1.11. From the definition of the normal coordinates it is clear
that, for small ¢, vy w([0,t]) is the unique shortest geodesic between
its endpoints. However, when increasing ¢, vy w ([0, t]) fails to be the
shortest geodesic. There is a critical value 7(y, w) > 0, such that for
t < 7(y,w) the geodesic vy w([0,t]) is the unique shortest geodesic
between its endpoints and for ¢ > 7(y,w) it is no more a shortest
geodesic.

Theorem 2.7 (Klingenberg lemma) The critical value function
T(y,w) is continuous on SN. When t is the critical value, t =
7(y,w) then, either

i) there is another shortest geodesic vy w'([0,t]), W # W' such
that vyw(t) = vyw(t), t = 7(y, w);

or

ii) the differential of the exponential mapping dexpy |tw has non-
trivial kernel, i.e. is degenerate, when t = 7(y, w).

Furthermore, when t < 7(y,w), dexpy, |tw is not degenerate.

2.1.12. A point x = 7y w(7(y,w)), is called a cut point corre-
sponding to y. When dexp, ltw is degenerate, the point x = vy w (%)
is called a point conjugate to y along the geodesic v = vy w. The
Klingenberg lemma claims that a cut point x is either the point that
is connected to y by more then one shortest geodesic or is the first
point conjugate to y along the shortest geodesic vy w.

The symmetry of the conjugate points means that if x = vy w(?)
is a point conjugate to y along -, then also y is a point conjugate to x
along Yx,v, where v = — %~y o (t). Actually, vx,v is just the original
geodesic v run in the opposite direction. Exercise 2.6 implies the
symmetry of the cut points, i.e., if x is a cut point for y, then y is a
cut point for x.
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The union of all cut points of y is called the cut locus w(y) of y,

w(y) = {1yw(tly,w)): we SyN}.

Since 7(y,w) is a continuous function, w(y) has measure zero. The
Klingenberg lemma implies that the Riemannian normal coordinates
centered in y are well defined on N '\ w,

expy  Mw(y) = {tw e LN : t<7(y.w), wESyN}

Thus, N can be represented as a union of one coordinate chart
Mw(y) and a “thin” set w(y) that has volume zero.
Let

Q={(x,y) eENxN:xecwy}={(xy) EN XN :y € wx}.
The following result is a corollary of the Klingenberg lemima.

Corollary 2.8 The set § is closed in N x N'. On N x N'\ Q the

distance function has the following properties,
i) d*(x,y) € C®°(N x N'\ Q).
i) | Gradsd®(x,y)| = 2d(x,y), and | Gradyd?(x,y)| = 2d(x,y).

Proof. Corollary follows from the Klingenberg lemma and the fact
that d?(x,y) = |v|§, where v = exp;l(x). O

2.1.13. In the normal coordinates (2.13), the metric tensor g;; sat-
isfies the following properties,

9ii(y) = 6ijs  Tiyly) =0. (2.14)

Using equations (2.14), one can prove the “cosine” theorem in a
small neighborhood of y. Let vi,ve € TyN and x; = expy (v1),
X3 = expy (v2). Then

d*(x1,%2) = V1] + [vol* = 2(v1, va)g + O(lvif* + [va]*). (2.15)

Exercise 2.9 Using normal coordinates, prove formula (2.15).
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Figure 2.4: Coordinate charts and coordinate mappings near a
boundary point

oM

Rm

2.1.14. In this book, we mainly deal with manifolds M with bound-
ary. A manifold M with boundary is a closed subset M C N, which
has a C*°-boundary M. This means that, for y € M, there is a
chart (U, X)on N,y e U, X(U) =U'" C R™, such that

XUnM)cRl, XUnNoM)c{xeR™: 2™ =0},
where
R ={xecR™: 2™ >0}

(see Fig.2.4).

The definitions of the tangent and cotangent spaces, metric ten-
sors, Christoffel symbols and curvature tensor remain valid for the
manifolds with boundary. The boundary OM is itself an (m — 1)-
dimensional manifold without boundary. When y € dM, we have
two tangent spaces at y, namely, Ty M and Ty, (OM) (see Fig. 2.5).
Clearly, Ty, (OM) C Ty M.
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Figure 2.5: Tangent spaces of manifold and its boundary

oM
TxOM
—

Hence, we can define the metric tensor on OM as a restriction
of the metric tensor g on T(OM). Since dim(7Ty M) = m and
dim(Ty(OM)) = m — 1, there is a linear subspace Ny C Ty N
of dimension 1, which is orthogonal to Ty(0M). We denote by
v = vy € Ny the unit normal vector, |v|, = 1 which points inside
M.

Any geodesic on N that starts at y € M is simultaneously a
geodesic of M as long as it remains in M. A geodesic with initial
point z € OM and initial velocity v, v = 7,, is called a normal
geodesic.

2.1.15. Normal geodesics are closely related to the distance func-
tion to the boundary,

d(y,0M) = min d(y,z).
(y,0M) = min d(y,z)
Lemma 2.10 For anyy € M there is z € OM such that

Y = Yo (8),
where s = d(y,z) = d(y,OM).
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In the other words, this means that, for any point y € M, there
is a shortest geodesic to the boundary that is normal to OM.

Exercise 2.11 According to the Hopf-Rinow theorem (see section
2.1.6), any x,y € N can be connected by a shortest geodesic. Using
this theorem and formula (2.15), prove Lemma 2.10.

Analogously to the exponential mapping expy,, we can define the
boundary exponential mapping expgpr, : OM x Ry — N,

eXPam (Z7 t) - ’YZ,V(t)v

where Ry = [0, 00). Then, for sufficiently small ¢, expgr,(z,t) € M.

2.1.16. In this section, we will introduce the boundary normal
(also called semi-geodesic) coordinates. They are defined analogously
to the Riemannian normal coordinates, but, instead of the set of
geodesics started at a point y, we consider the set of geodesics nor-
mal to M.

As for the Riemannian normal coordinates, we start with the
introduction of the boundary normal coordinates in a small neigh-
borhood of M. Denote by

C, =M x [0,p)

a collar neighborhood of 9M x {0} in the boundary cylinder oM xR 1
(see Fig. 2.6). Then

expopm (Cp) = {x e M : d(x,0M) < p} = M”

is a collar neighborhood of M in M. When p is sufficiently small,
then (M7, expgi/l) are coordinates in M, with

expgj/l(x) = (z,s). (2.16)

Here s = s(x) = d(x,0M), and z = z(x) € OM is the unique
boundary point such that d(x,z) = d(x,0M). In local coordinates
(z1,...,2™7 1) on OM near z, then we understand expgk/l(x) as
(z4(z),...,2™ Y(z),s). Although 7,,([0,s]) is the unique shortest
geodesic to OM, when s < p, 75,([0,s]) fails to be the shortest
geodesic to OM, when s becomes large.

There is a critical value 7(z) = o\ (z), such that, for t < Tyr(z),
the geodesic 7,,,([0,t]) is the unique shortest geodesic between from
Yz, (t) to OM and, for t > Tor4(z), it is no more the shortest one.
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Figure 2.6: Boundary exponential mapping and collar neighborhoods
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2.1.17. Next we formulate the Klingenberg lemma for the bound-
ary normal coordinates.

Theorem 2.12 The function tor(z) is continuous on OM. When
t is the critical value, t = Tor(2), then either

i) there is another shortest geodesic vy, ([0,t]), 2" # z such that
'Yz,u(t) = ’Yz’,u(t); t = Tom (Z) = ToM (Z/);

or
ii) the differential of the exponential mapping expgpy,
dexpor |(zp) : Te(OM) x R — TyN, y = 1z.(1),
has a non-trivial kernel, i.e., is degenerate at t = Ton(z).

Moreover, when t < Tom(2z), dexpypg |(z,r) is not degenerate.

A point x = 7,,(Tom(z)) is called a cut point corresponding to
OM. When dexpypy | (z,) is degenerate, the point x = v, ,,(t) is called
a focal point. The Klingenberg lemma claims that a cut point x is
either point, which is connected to M by more than one shortest
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Figure 2.7: Boundary cut locus

oM

geodesic, or is the first focal point on the shortest geodesic 7, , (see
Fig. 2.7, where the point a corresponds to the case i) and b and b’
to the case i7)).

The union of all cut points is called the boundary cut locus,

w = wom = {Var(Tom(z)) : z € OM}.

Since Ty is a continuous function, we see that w has measure zero.
As for the Riemannian normal coordinates, we can extend the map-

ping
expyry  M\w — {(z,t) € OM x Ry @ t < 7(2), z € OM},

from the set M? to the set M\w (see Fig. 2.8). This formula defines
boundary normal coordinates on M\w. The above considerations
also imply that

M C eXpaM (8/\/1 X [0, T*]),
where

T = . 2.17
nax 7(z) (2.17)
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Figure 2.8: Boundary normal coordinates
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2.1.18. Let (z',...,2™71) be some local coordinates near z €
OM. We denote the corresponding boundary normal coordinates by
(z1,...,2™) = (z,...,2™71¢). Then the metric tensor g;; satisfies

the following equations,

Gmml (2, omy =1, gjmlr, omy =0, j=1,...,m—1. (2.18)
Let
Qs ={xeM: s(x)=d(x,o0M) = s}
be a surface parallel to OM, g = OM. Then
Sik(z,5) = %89%(:’8)
defines a tensor called the second fundamental form of Q. The
corresponding (1, 1)-tensor, called the shape operator, is given by

1 ,.9g;
Sl = 5913%. (2.19)

The tensor S’i, satisfies a Riccati-type equation that is also called the
fundamental equation of Riemannian geometry,

DS

-+ =V,s+ 80 = ~R. (2.20)
s

Here v is the velocity vector along the normal geodesics 7, ., having
the form v = (0,...,0,1) in the boundary normal coordinates and

Re FUIN,
E(W) = R(W V)Va w € T’yz,y(s)M'
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Figure 2.9: Shortest geodesics when y is conjugate to z

2.1.19. Next we will prove that the first conjugate point on a nor-
mal geodesic always appears strictly beyond the cut point.

Lemma 2.13 For any z € OM, tom(z) < 7(z,v).

2.1.20. %

Proof. Assume the opposite. Then by Theorem 2.12, v, ,,(t), where
t = 7(z,v), is either the point with more than one shortest geodesic
to z, or the first conjugate point along 7, ,. In the first case, let v, w
be another shortest geodesic to v, (t) with w # v. It follows from
the definition of 75 that, for sufficiently small s, there is z’ € OM,
such that d(z’, v, w(s)) < s. Therefore,

(7', Y2, (1) < (7, Yaw(s)) + (E = 8) <t =d(2,72.(1) < Tom(2),

which contradicts the definition of Tor(z).

Let now y = ,,,(t) be the first conjugate point along 7, ,. Con-
sider the geodesic 7, ([—¢,t]) that is an extension of v, ,([0,t]) to
N\M (see Fig. 2.9). Denote by x¢ = 75, (—¢€) the endpoint of this
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geodesic. Since z is conjugate to y along the geodesic 7, ,([0,1]),
the geodesic 7z, ([—¢, t]) cannot be the shortest one between its end-
points. Thus, by the Klingenberg Lemma 2.7, there exists another
shortest geodesic v, from y to x. in AV, such that

el < aw(l-6 ) =t +e

Consider the intersections of the geodesic 7. with 9M and denote by
z, the first intersection point from x. and by z” the last one. Then

d(y,xe) > d(y,z.) + d(z, xe).
For sufficiently small €, Theorem 2.12, applied to A"\ .M, implies that
d(z.,x.) > e.

Since t < Torq(z), then d(z!,y) > t. Combining these inequalities,
we see that

Vel = d(xe, y) >t + e,

which is a contradiction. O

2.1.21. The boundary normal coordinates are inappropriate near
the cut locus. In this case, we use other coordinates, namely, the
boundary distance coordinates.

Lemma 2.14 For anyy € M™ there are points z1, ..., 2, € OM,
such that the functions (p'(x),...,p™(x)), where p'(x) = d(x,2;),
are local coordinates in a neighborhood of y.

Before going to the proof, let us explain how to choose points z;.
For y € M let z € OM be a nearest boundary point, d(z,y) =
d(y,0M). Consider any curves z;(t), i =1,...,m — 1, in M, such
that z;(0) = z and the vectors

_dn

’)’I,L—dt(o), Z':].,...,'rn/*].7

form an orthonormal basis of T,(0M). Then, for sufficiently small

t > 0, the points z; = z1(t),...,2Zm—1 = Zm-1(t), Zy = z are proper
for Lemma 2.14.
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Figure 2.10: Boundary distance coordinates

2.1.22. %

Proof. As earlier, let z € OM be a nearest point to y. Choose v, so
that exp, (v) = z. We remind the reader that, due to Lemma 2.13,
z is not conjugate to y. Hence, dexpy, lv, is non-degenerate, i.e. the
mapping dexpy, |y : TyN — T, N is an isomorphism.

Since n;, i = 1,...,m — 1, and v form an orthonormal basis in
T,M, the vectors {v1,...,Vi—1,Vin},
vi = (dexpy )7t i=1,....m—1, v,=v,

form a basis of Ty M (see Fig. 2.10).
Moreover, for sufficiently small s, there are v;(s) € Ty, M such
that,

Zi(s) :expy(vi(s)), 1= 1?"'am_17

dv;(s)
ds |,

vi(0) = v,
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Let z; = z;(so), ¢ = 1,...,m—1, for sufficiently small sy and z,, = z.
Then y ¢ w(zi), i =1,...,m, and functions p’(x),

p(x)=d(y,z), i=1,...,m—1,

are smooth in a neighborhood Uy of y.
Finally, the gradients of the distance functions

vi(so)

Grad p'ly = 0 eo)ly

1=1,...,m,
are linearly independent. The claim follows now from the inverse

function theorem.
O

The proof of Lemma 2.14 also gives rise to the following result.

Lemma 2.15 Let xg € M™ and zg be a nearest point to xo on the
boundary. Then there are neighborhoods V. C OM and U C M™,
zeV,xgeU, such that

i) d(x,z) € C*(U x V).

it) Gradgd(X,z)|x=x,, considered as a function of z, is a diffeomor-
phism from V' to its image in Sx, M. In particular, this means that
this image is an open set in Sx, M.

2.2. Elliptic operators on manifolds and gauge
transformations

In this section, we will describe second-order elliptic partial differen-
tial operators on manifolds. In the first half of this section, we will
recall some fundamental results from the general theory of such op-
erators. An interested reader can find a systematic treatment of this
theory in the literature cited in Notes to the chapter. The second
half of the chapter is devoted to gauge transformations. Here we will
give the detailed proofs of the corresponding results.

2.2.1. We start with a function f € C*°(N'). This means that, in
any local coordinates (U, X), X(x) = (z!,...,2™), the function

foX Yat ... 2™) = f(z}, ..., 2™)
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is infinitely smooth. In local coordinates (U, X) on N, a differential
expression a(x, D) is given by

(a(x,D)f)(x) = —a’*(z!,...2™)0;0k f(z*, ..., a™)+  (2.21)

—I—bj(zl,...,:Um)@jf(xl,...,xm) +e(zt, . 2™ f(h . ™),

where 0;f = %. We assume that all coefficients are real and
[ajk};-”kzl is a symmetric matrix. Local representations (2.21), which
are called local differential expressions, are assumed to be defined
in such a manner that the value of a(x, D)f at any point x € N is
independent of the choice of local coordinates (U, X) near x. If there
is no danger of misunderstanding, we do not distinguish between the
point x and its local coordinates (z',...,2™), as well as between the

function f on U C A and its representation fo X~ on U’ C R™.

Exercise 2.16 Find the transformation formulae for the local differ-
ential expressions in different local coordinates. In particular, show
that [a?*] is a tensor.

The differential expression a(x, D) is said to be elliptic, if the matrix

[a’¥](z",...,2™) is positive definite in any local coordinates,
) m
aFpipe > CY p O >0 (2.22)
j=1
The fact that [aj;] = [a/*]7! is positive definite and forms a 2-

covariant tensor, implies that we can use [a ;] as a Riemannian metric
tensor on N. We call it the metric associated with the differential
expression a(x, D). Differential expressions on a manifold M with
boundary are defined in exactly the same way.

2.2.2. In this book we use Sobolev spaces H™"(M) and H}'(M),
n=20,1,2,..., which are defined in local coordinates. We remind the
reader that, for U C R™, the space H"(U) consists of all functions
f € L?(U) such that

2= 3 [ 10 Past - da™ < . (2.23)

laj<n
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Here a = (a1,...,04,), aj = 0,1,..., are multi-indexes and

0% =01"05% -0y, lal=a1+ -+ an.
Clearly, HY(U) = L*(U).
When dealing with compact manifolds M (or N'), we use a finite

partition of unity y;, subordinated to a finite covering (U;, X;), i =
1,...,1, of M. This means that x; € C5°(U;), xi > 0, and

I
> xi=1. (2.24)
=1

The space C§°(U;) consists of smooth functions on M with compact
support, supp (x;) C U;. We remind the reader that either X (U) is
an open set in R™ or, in the case of a manifold with boundary, an
intersection of an open set in R™ with R

A function f: M — C is in the space H"(M), if

I
11 = lIxiflln < oo (2.25)
i=1
Here x;f are considered as a function x;f(z},...,2") in local co-

ordinates (U;, X;), X;(x) = (z},...,2™). Although the norm | f|,,
depends on the choice of the covering (U;, X;) and partition of unity
Xi, the Sobolev spaces H"(M) are defined invariantly. Indeed, the
norms, which correspond to different coverings, are equivalent.

The space H{'(M) is the closure of C§°(M) in H"(M).

Occasionally, we will use the Sobolev spaces H*(M) and Hj(M)
with non-integer s > 0. They are defined as interpolation spaces
between HI¥/(M) and HBETU(M) and H([)s] (M) and H(QSH] (M), cor-
respondingly. Here [s] is the integer part of s. The space H5(M) is
actually the closure of C§°(M) in H*(M).

Finally, by trace theorem, the restriction operator Tyrs : f —
floam is a continuous operator, Ty : H¥(M) — H*1(OM), or,
more precisely, to H5~Y2(dM), for s # n+ 1/2. Also, this operator
is surjective.

We remark also that H*(M) and Hj(M) are Hilbert spaces.
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2.2.3. Our next goal is to define second-order self-adjoint operators
on N (or M). To this end, we need a volume element dV on a man-
ifold. In local coordinates (U, X) near x, we have the representation

dV = m(x)(g(x))?2dz'dz? - - - dz™ = m(x)dVy,

where m > 0 is a smooth function on M.
A coordinate invariant norm in L?(dV) is then

I
2, = 2qV = F(X)Pm(x)dV,. .
102 ) /lel ;/Ugle( \Pm(x)dV,.  (2.26)

In the same manner, it is possible to define a coordinate invariant
norm in H'(N),

112 vy = /N (df2 + 1 f12)aV = /N (| Grad 12 + |f2)dV.

Moreover, using covariant derivatives (see section 2.1.6), it is possible
to define coordinate invariant norms in H"(N'), n > 0. However, in
this book we will not use these norms with n > 1.

Exercise 2.17 Prove that the norms || - ||p2qvy and || - ||z are
equivalent to the norms || - |lo and || - |1, correspondingly, and that
these norms are independent of the covering (U;, X;) and partition

of unity x;.

In the future, we will denote | f|/z2(av) by [ f|| and the corre-
sponding inner product by (f, h),

(f.h) = /N FRE)AV. (2.27)

An operator A in L?(N,dV), which corresponds to the differential
expression a(x, D), is defined by the formula

Au(x) = (a(x, D)u)(x)

D(A) = H*(N). (2.28)
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Since L2(N\,dV) is a Hilbert space, the adjoint operator A* is defined
by the formula

(Au,v) = (u, A™). (2.29)

It turns out that D(A*) = H*(N) and A*u is given by differential
expression (2.21) with a%, b7, and ¢ replaced by a™*, "7, and c*.

Exercise 2.18 Find the differential expression a*(x, D) of A*.
An operator A is self-adjoint if A = A*.

Exercise 2.19 Show that an operator A is self-adjoint if and only
if

a(x,D)f = —m~ g~ 1/2p (mgl/Qgijaju> + qu, (2.30)
where g = a¥ (compare with formula (1.4).

2.2.4. In the case of a manifold M with boundary, we have to add
proper boundary conditions. In this book we deal with the Dirichlet
boundary condition,

Ul g = 0. (2.31)
Then the operator A defined by differential expression (2.30) on
D(A) = H* (M) N Hy(M) = {u € H* (M) : ulyy =0} (2.32)
is self-adjoint in L2(M,dV).

An important object related to any self-adjoint operator A is its
quadratic form (2.32)-2.34),

Alu, w] = /M((du, dw) 4 + quw)dV, (2.33)

where (dv, dw), = ¢"/9;v0;w (see section 2.1.4). This quadratic form
is defined on H'(N), in the case of a manifold without boundary, and
HE (M), in the case of a manifold with boundary. For any u € H*(N)
or u € H} (M),

[ Afu, ul| < Cllull?,

© 2001 by Chapman & Hall/CRC



and, for sufficiently large p > 0,
lullf < C(Alu, u] + pllul?).

In the future, we will omit references to manifolds N' or M, if the
corresponding result is valid for a manifold without boundary as well
as for a manifold with boundary, writing e.g., H", L?, etc., instead
of HY(N), L3(M), etc.

Summarizing these results, we have the following lemma.

Lemma 2.20 Let L*(dV) be a Hilbert space with a volume element
dV and let A be a second-order differential operator with domain
H2(N), in the case of a manifold without boundary, or with domain
H2(M)N HE(M), in the case of a manifold with boundary. The
operator A is self-adjoint, if and only if the corresponding differential
expression has form (2.30). Then for u,w € D(A),

Alu, w] = (Au, w). (2.34)
2.2.5. A function ¢ € D(A), ¢ # 0, is an eigenfunction of A if
(A—XN)p=0, AreC.

In this case A is an eigenvalue of the operator A and ¢ is an eigen-
function corresponding to A. In particular, on a manifold M with
boundary, this means that

(CL(X, D) - A)QD =0, in Ma

¢lom = 0.

The set of all eigenfunctions, corresponding to the eigenvalue A,
together with ¢ = 0, form a finite dimensional linear subspace in
L?(dV'), which is called the eigenspace of A corresponding to A. The
dimension of the eigenspace is the multiplicity of the eigenvalue .
When A is self-adjoint, all eigenvalues are real and all eigenspaces
corresponding to the different eigenvalues are orthogonal,

<Lp1,302> = 0, if .A(pl == )\1(,01, .AQDQ = )\2()02, /\1 7'é )\2. (2.35)
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When A is not an eigenvalue, the operator (A — \) is invertible. Its
inverse,

R(A) = (A—-XN)""

is called the resolvent of A. This operator is a bounded operator in
L?(dV). The following properties of A are well known.

Theorem 2.21 Let A be a self-adjoint second-order differential op-
erator of form (2.30) in L*(N,dV) and (2.30), (2.32) in L*(M,dV).
Then its eigenvalues, counted according to their multiplicities, form
an increasing sequence A1 < Ao < A3 < ..., such that /\jj_Q/m — (),
for j — oo. The constant C > 0 depends only on the dimension m
and the volume V(M) of M. The corresponding eigenfunctions ¢;
can be chosen so that {¢;}32, form an orthonormal basis in L2(dV).

Moreover, p1(x) # 0 for x € M™,

The above asymptotics of A; is called Weyl’s asymptotics. This
theorem implies that any f € L?(dV) can be represented by Fourier
series,

F=>fie {fi}2iel

Jj=1

The numbers f; are the Fourier coefficients of f, i.e. f; = (f, ¢;),
and

11 = {f5} 2
Moreover, if A is not an eigenvalue, then the equation
(A~ XNu=f, (2.36)
has a unique solution,
A f = Z A S(Fie (2.37)

In particular, representation (2.37) implies that

IR < min ] — 2|7, (2.38)
J

where ||R(\)]| is the operator norm of R()\) in L2(dV).
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2.2.6. In this section, we consider the question of regularity of the
solution u of equation (2.36). Since R(\) : L? — D(A) C H?,

[ulla < C(l| Aul| + [Jul]).
Moreover, if Au € H*, s > 0, the following theorem is valid

Theorem 2.22 (Garding inequality) Let u € D(A) and Au €
H*, s> 0. Then u € H**? and

[ulls+2 < O]l Aulls + [Ju)-

In particular, this theorem implies that the eigenfunctions ¢; €
D(A®) C H%, for any s > 0 and, henceforth, p; € C°°. We consider
D(A®) as a Hilbert space with the norm

lullBasy = Al + [l (2.39)

Lemma 2.23 The functions ¢; form an orthogonal basis in D(A®)
and
o0
DA ) ={ue L’ |l =) 1+ NI*)|uyl* < oo}, (2.40)
j=1
where u; are the Fourier coefficients of u. Norms (2.39) and (2.40)
are equivalent.

Proof. The proof follows from the fact that u € D(A?), if and only
if

o0
A’u = Z Nujp; € L2
j=1
O

In particular, if u € C°°(N), then the Fourier series converges
in C*(N) and, if u € C§°(M), then the Fourier series converges in
C°(M).

In the case of a manifold A" without boundary, D(A%) = H?$(N).
In the case of a manifold M with boundary and an elliptic second-
order operator A with the Dirichlet boundary condition,

HZ (M) C D(A®) € H*(M). (2.41)
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Moreover, for 0 < s < 1/2,

H3$(M) = D(A*) (2.42)
and
CM a3, < Y1+ X )*uil? < Clul3, (2.43)
j=1

Negative Sobolev spaces H™® may be defined as spaces dual to
H*® in the case of a manifold N without boundary, and H{ in the
case of a manifold M with boundary. Relation (2.43) remains valid
and D(A®) = H?® for —1/2 < s < 0.

Next we consider the inhomogeneous Dirichlet boundary value
problem on a manifold M with boundary,

a(x,D)u = Au, ulgn = f. (2.44)
The following result is well known.

Lemma 2.24 If A is not an eigenvalue of the operator A, then, for
any f € H¥(OM), s # n+1/2, problem (2.44) has a unique solution
u € H¥2(M), such that

[ullss1/2 < CO Sl ¢s,0m0)-

Here we use the notation, [|v[/(sq) for the norm of a function v,
defined on a set €2, in the Sobolev space H*(f).

2.2.7. As in the one-dimensional case, gauge transformations play
an important role in the study of multidimensional inverse problems.

Definition 2.25 Let k € C*(M), k(x) > 0 for x € M. The gauge
transformation generated by k is the transformation,

Sp : L2(M,dV) — L*(M,dV,,), (2.45)
where dV,, = k™ 2(x)dV . It is defined by the formula

Sru(x) = Kk(x)u(x). (2.46)
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Fach gauge transformation determines the corresponding gauge
transformation A, of an elliptic second-order operator A. The oper-
ator A, is defined by

Acu = s A(k™ ). (2.47)

This operator A, is also a second-order elliptic differential operator
defined in L?(M,dV,;) and

D(A.) = HX (M) N H(M). (2.48)
Its differential expression is given by the formula
ax(x, D)u(x) = K(x)a(x, D)(k(x) " u(x)). (2.49)

Lemma 2.26 The gauge transformation has the following proper-
ties.

i) The transformation S, is a unitary transformation, i.e.

HSKUH%%an) = HUH%Q(dV)‘

ii) The operator A, is self-adjoint in L>(M,dVy), if and only if A
is self-adjoint in L?(M,dV), and

A [Sku, Sgw] = Alu, w]. (2.50)

Proof. Statement i) of this lemma is obvious.

The self-adjointness of A, in L*(M,dV,) follows from the self-
adjointness of A in L?(M,dV), due to the local representation of the
differential expression a,(x, D) of the operator A,

an(x, D)u = —m g 1/%; (m,{ggg;ﬂ@j u) + qiu. (2.51)
Here
2

g = g7, ms=rTm, q;=ra(x,D)(x7"). (2.52)

From local representation (2.52) and definition (2.34) of the quadratic
form, it is easy to prove formula (2.50). O

Exercise 2.27 Prove formulae (2.51), (2.52).
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2.2.8. The gauge transformations S, : L2(M) — L?(M) form an
Abelian group G,

G={Sx: kKeC®WM), k>0} (2.53)
with respect to the composition,
Sk1 © Sky = Skirg-

This group has a representation (or an action) in the set of the
second-order elliptic differential operators,

Se(A) = Ax = kAL
For any operator A,
o(A) ={Sx(A): S, €G},

is the orbit of the group G that is generated by A. If A is self-adjoint,
then all operators A,; € o(.A) are self-adjoint.

2.2.9. In this section, we will consider some important invariants
of an operator A with respect to the action of the group G.

First, the metric tensor [g"] is invariant with respect to gauge
transformations, i.e., the metric tensor ¢¥ corresponding to operator
A coincides with the one corresponding to A,.

Second, due to the unitarity of Sy, the eigenvalues are invariant,

Ai(A) = Xj(Ay), (2.54)
while the eigenfunctions are transformed according to the formula

©f = Supj = Kypj, (2.55)

where ¢; and ¢f are the eigenfunctions of the operators A and Ay,
correspondingly.

Physically, this means that any operator in the orbit o(A) cor-
responds to the same physical process, but in a different scale of
measurements. We remind the reader that this change of the scale
is given by the factor x(x), which depends on x.
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2.2.10. In any orbit o(A), generated by a self-adjoint operator A,
there is a distinguished operator. This is the (Riemannian) Schrod-
inger operator that corresponds to A. To define this operator, let
us consider the Riemannian manifold (M, g), where g is the metric
associated with the operator A.

Definition 2.28 Consider the operator Ay = —Ay+q(x) defined by
the formula

Agu = (—Ag+ qJu = —g_l/Q(’?jgl/Qgij&iu + q(x)u, (2.56)
with
D(—Ag + q) = H*(M) N Hy(M).

This operator is called a (Riemannian) Schrédinger operator with
the Dirichlet boundary condition. When q = 0, this operator is the
Laplace-Beltrami operator.

We remind the reader that g = det(gi;), (9] = [gij]™*, and q is
a real-valued smooth function on M.

Clearly, the Schrodinger operator is of form (2.30) with m = 1.
Therefore, —A, + q is self-adjoint in L?(dVj),

dV, = g'dzt - dz™,

which is exactly the Riemannian volume element on (M, g) (see sec-
tion 2.1.5).

On the contrary, for a general self-adjoint operator A of form
(2.30), dV # dV,, where g is the metric associated with A. Actually,
the fact that dV = dVj, is a characterization of a Schrodinger opera-
tor. To see this, let us consider the quadratic form associated with
this operator,

Aglu, w] = /M[(dv,dﬁ)g + q(x)uw|dVj,.
Then,
Agfu, ] = /Mn Gradul? + () u[?|aV,,

where dv is the differential of v and Gradv = I,dv (see section 2.1.4).
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Lemma 2.29 i) Let A be a self-adjoint second-order elliptic differ-
ential operator in L*>(dV). Then there is a unique Schrédinger op-
erator —Ag + q in the orbit o(A). This means that, for a given
operator A, there is a unique k such that A = k(—Ay + q)x~! and
dV = k~2dV,,.

ii) Let A[-,-] be quadratic form (2.33) associated with the operator
A of form (2.30). Then A is a Schrédinger operator, if and only if
dvV = dvi,.

Proof. It is clear from the definition of a Schrodinger operator,

that a general operator A of form (2.30) is a Schrédinger operator,

if and only if m = 1. Using formulae (2.51), (2.52), which describe

the change of A due to a gauge transformation, we see that A, is a

Schrédinger operator when
k=m'/?

Analogously, comparing the quadratic forms of a Schrédinger and

a general operator, we see that they coincide, if and only if dV = dV,.
O

To our readers, who undoubtly like beautiful mathematical words,
we formulate this result as follows.

The self-adjoint elliptic second-order differential operators form
an infinite dimensional manifold which is a fibration with the base
of the Schrédinger operators and the fibres being the orbits of the
group G.

2.3. Initial-boundary value problem for wave
equation

In this section we will consider an initial-boundary value problem
for the wave equation on a manifold with boundary. This initial-
boundary value problem corresponds to an elliptic operator A of
section 2.2. We will develop an invariant approach to prove existence
and uniqueness of solutions and to study their regularity properties.

2.3.1. Let A be a second-order self-adjoint elliptic operator in
L*(M,dV) of form (2.30), (2.32), where dV = mg'/?dz!- .- dz™.
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We consider the initial-boundary value problem

Pu+a(x,Dyu=F, in QF' =Mx]0,T], (2.57)
ulsyr = f,  where X1 =0M x [0,T], (2.58)
u|t:0 - ¢0a 8tu|1}:0 - wla (259)

with various assumptions on F. f, g, and 1)1.

Due to the results of sections 2.2.7-2.2.10 and, in particular,
Lemma 2.29, we can always transform initial-boundary value prob-
lem (2.57)—(2.59) for a general operator A into an initial-boundary
value problem for the Schrédinger operator a.(x,D) = —A, + q.
Then problem (2.57)—(2.59) takes the form,

O — Agu” +qu = F*, in, Q7 (2.60)

ulsr =K, (2.61)

un|t:0 = wga atum|t=0 = d)f/ (262)

where u" = Syu, F* = S, F, etc, and Sy, is defined by (2.46). There-
fore, without loss of generality, we can assume that a(x, D) = —A,+q

and consider initial-boundary value problem (2.60)—(2.62) for the
Schrédinger operator —A, + q.

Since the coefficients of wave equation (2.60) are real, it is suffi-
cient to consider only the case of real F', f, 1, ¥1 and, henceforth,
real u. In this connection all spaces in this section are real.

2.3.2. For the purposes of this book, our primary interest lies in
the study of initial-boundary value problem (2.60)—(2.62), when u is
in the energy class. This class consists of the waves u(t), 0 <t < T,
such that u(t) € C([0,T]; H*(M)) N C([0,T]; L*(M)). We remind
the reader that u belongs to this class when u is a continuous function
of t with values in H'(M) and is continuously differentiable with
respect to t in L?(M). The following theorem gives the conditions
on F, f 19,11, which guarantee that the solution wu(t) of problem
(2.60)—(2.62) is in the energy class. To formulate this theorem, we
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introduce the space L([0, T]; L?(M)), which consists of all functions
in QT such that

T
1P lgr == /O IF(0)]lodt < .

In the future, if there will be no danger of misunderstanding, we will
skip the subscript of the space.

Theorem 2.30 (Lasiesca, Lions, Triggiani) Let
F e LN[0, T LA (M), € H'Y(ST), ¢ € H'(M), ¢y € L*(M).

Assume, in addition, that the following compatibility condition is
valid

flizo = Yolopm - (2.63)

Then there is a unique solution u(t) of problem (2.60) (2.62), such
that

u(t) € C([0,T]; H'(M)) N C([0,T]; L*(M))
and

o?%XT{Hu(t)Hl + lue ()]} <

c(THINFllgr + [flla,zr)y + llolls + 1 lo}- (2.64)
Moreover, dyulsr € L*(XT) and
10vulsrllo5ry < c(TH[IIF[llgr + [[fllx + l[%ollr + l[#llo}. (2.65)
We note that the energy class solutions, that is, u(t) € C([0,T]; H)N
C1([0,T); L?) do not, in general, lie in H*(Q"). Thus, the energy

class solutions of (2.60)—(2.62) are understood in the weak form, i.e.
in the form of the equations,

{=0iudv + (du, dv) 4 + quv} dV,dt =
QT
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—/ FudngH/ 1o,y dVy, (2.66)
T M

U|t=0 = o, u|2T = f,

which should be valid for any v € H(Q"), v|,_; = 0, v|[sr = 0. We
remind the reader that (du, dv), = g" d;u d;v.

More generally, a function v € L?(Q7T) is a weak solution of
problem (2.60)—(2.62), if, for any v € H2(Q"), v|gxr = 0, and v|,_p =
Opvly—g =0,

/QT u(02v — Agv + qu)dV,dt = (2.67)

= / FudV,dt —i—/ fo,vdSydt —/ {%0 0|,y — V1 V], }dV.
T T M

Exercise 2.31 Show that, for u € H*(Q1), equations (2.60)-(2.62)
are equivalent to (2.66). Moreover, for u(t) € C([0,T]; HY(M)) N
C([0,T]; L32(M)), show that (2.66) is equivalent to (2.67).

The proof of Theorem 2.30 will be given in a series of lemmas.
We start our proof with demonstration of uniqueness.

2.3.3.

Lemma 2.32 Let FF = 0, f = 0, ¥ = 91 = 0. Then the only
solution ug € C([0,T], HY) N C*([0,T], L?) of initial-boundary value
problem (2.60)—(2.62) is

u =0 for (x,t)eQr. (2.68)

Proof. As ug € C([0,T],H*) n CY([0,T],L?) and f = 0, it can be

represented as Fourier series,

oo

uo(x,t) = > ug(t)pr(x),

k=1

where {¢}}72, is an orthonormal basis of the eigenfunctions of the
Schrédinger operator Ag. Moreover, u(t) € C*([0,T]).
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To prove the uniqueness, i.e., to show that for all £ = 1,2,...
and 0 <t < T,

ug(t) =0,
we choose test functions vkﬁ(x, ), k=1,2...,0 <7 <T, of the
form,
[ oer(X)sk(t—t) for0<t<T
O, (x, 1) = { 0 forr<t<T - (2.69)
Here
sin/Axt
Tk;k’ A > 0,
Sk(t) = tv >\]g - 0,
VIxel ’

It follows from definition (2.66) of a weak solution that
/ {=0wdpvy + + (du, dvy, +) g + quuy, - } dVydt = 0.
QT

Integrating by parts and using that f = 0, )9 = 0, we come to the
equation

0= —/ uo (X, 7)Opvg - (X, T)dVy+
M

—{—/ up(x, t){afv;” — Agvi r + qui 7 }(x,1)dV,dt.

Due to the special form (2.69) of the test functions vy, ,, we see that,
forO0<t<r,

2
OV r = — MUk, —QgUkr + QUL = AUk r,

Ovr,r (x,7) = —pp(X).
Henceforth,

0 /M o(%, 7)o (x)AV) = (7).
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Exercise 2.33 Imitating the proof of Lemma 2.32 and using the test
Junctions vy, -,

[ —t-7) for0<t<r
PTT 0 forr<t<T "’

reduce the uniqueness problem for (2.67) to the uniqueness problem
for the Volterra integral equations for the Fourier coefficients uy(t)
of the solution u(t). Hence, show that, when F = 0, by = 11 = 0,
and f =0, problem (2.67) has only trivial weak solution, u = 0.

2.3.4. To obtain the desired energy estimates, we start with the
case f = 0. Then compatibility condition (2.63) implies that ¢y €
H}(M).

Lemma 2.34 Let F, 1 be functions satisfying the conditions of
Theorem 2.30, 1o € HY(M) and f = 0. Then there is a solution
u € C([0,T]; HY(M)) N CL([0,T); L2(M)) of problem (2.60)-(2.62),
which satisfies estimate (2.64).

Proof. Step 1. As in the previous lemma we seek the solution in the
form of Fourier series,

u(t) =) ur(t)pr. (2.70)
k=1

Using the same test functions vy, as in Lemma 2.32, we obtain that
the Fourier coefficients u; should satisfy the following equations

uk(t) = Yo,ks5(t) + Y gsk(t)+
" /Ot Fe(r)s(t — 7)dr = (2.71)

= wi(t) + wi(t) + wi (t).

We remind the reader that g, 11, and Fy(7) are the Fourier
coefficients of v, 11 and F(7), correspondingly.
Representation (2.71) yields that

u(t) = w'(t) +wt(t) + wf (), (2.72)
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where e.g. wO(t) = D52, w(t)pr.
Relation (2.43) implies, in particular, that 1y € Hg(M), if and
only if

21+ [A]) ol < oo,

and 11 € L*(M), if and only if > |1 4[> < co. Hence, it is easy to
see that w" and w! lie in the energy class and

OQ%XT{Hwi(t)lll +low' @)lo} < e@¢illis i=0,1. (2.73)

Step 2. To show that w’(t) lies in the energy class, we use the
representation

t
F = wl\l, T T. .
W) = [ witsr)d (2.74)
Here for 0 <t < T
wt;T) =Y Fp()sp(t — 7)er(x). (2.75)

Representation (2.75) implies that w(¢; 7) is the solution of the initial-
boundary value problem

OPw(x,t;7) — Aqw(x,t;7) + ¢(x)w(x,t;7) =0, in Qr,

w(t; 7)o pmx o) = 05

w(t;m)],_, =0, Oww(t;T)|,_, = F(7). (2.76)
By (2.73),
gmax {[lw(t; 7)1 + 10wt 7)o} < (1) F(7)o- (2.77)
As

e O =1 | (b drlh < / "t )l

estimate (2.77) implies that

t
lw” (@)l < C(T)/ IE ()l dr = (T F]llgr- (2.78)
0
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Similar considerations show that ||8w” (¢)[lo < c(T)|||F]||qz-

Step 8. Steps 1 and 2 show that, if an energy-class solution
u(x,t) exists, it satisfies estimates (2.64)—(2.65). To prove that the
constructed function u is actually a solution of problem (2.57) (2.59),
we should verify integral identity (2.66).

We start with smooth F™, 4, and 97,

F™(x,t) = ) F{(t)ow(x),
k=1

Yo%) =D Uiren(x), Urx) =) UTek(x),
k=1 k=1

where F]'(t), k = 1,...,n, are smooth functions of t. We leave as
an exercise to prove that u"(¢) is in H?(Q") and is a strong solution
of problem (2.57)—(2.59) and, in particular, satisfies identity (2.66)
with F, 1,1 replaced by F",{, 9. For general I, vy, and 1,
we approximate them by smooth functions F",v,v7 and use the
continuity arguments, based on estimates (2.64)—(2.65), to show that
the function wu(t) of form (2.72) satisfies identity (2.66), i.e., is an
energy class solution of problem (2.57)—(2.59). O

Exercise 2.35 Show that the function u™(x,t) is a strong solution

of problem (2.57)-(2.59), that is, u™ € H*(Q1).

Considerations of step 3 give an example of the “closure” argu-
ments widely used later in the text. They are based on an approx-
imation of general functions from the considered functional spaces
by proper smooth functions, demonstration of the result for these
smooth functions and further extension of it to the general functions
by the continuity arguments. In particular, integration by parts ar-
guments below are justified by closing arguments.

Later, in Chapter 4, we need solutions of initial-boundary value
problem (2.57)-(2.59) that are less regular. To this end, we prove
the following result.

Corollary 2.36 Let F € L'([0,T]; H-*(M)), 1o € L*(M), 9, €
H=Y(M), and f = 0. Then there is a unique solution u,

u € C([0, T}, L*(M)) N C1([0,T]; H~H (M)
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such that

gmax {[[u(t)llo + [10ru(t)l| -1}

< o(T) { JIE@ s+ o + ||¢1||1} S (@)

Proof. By direct substitution we see that u(t) of form (2.72) is a
weak solution of initial-boundary value problem (2.60)—(2.62) with
f=0.

We leave as an exercise to prove that this function u(t) satisfies
estimate (2.79).

Corollary 2.37 Let F € LY([0,T); H}(M)), 1o € D(A), 11 €
H&(M), and f = 0. Then there is a unique solution u of problem
(2.60)-(2.62), and

u € C([0, T]; D(A)) N CH([0, T]; Hy(M))

Exercise 2.38 Using equivalences (2.42)-(2.43), prove Corollaries
2.86 and 2.37 by mimicking the proof of Lemma 2.34.

2.3.5.

Lemma 2.39 Consider F € LY([0,T); L>(M)), 1o € H} (M), 1 €
L?(M), and f = 0. Then dyulsr € L*(XT) and

I 0vulgr llo < (T Egr + llbollr + lleallo}- (2.80)

Proof. Continue F' by zero onto the interval T' < ¢ < 2T and denote
by x?(t) a smooth cut-off function, x*(t) = 1 for t < T, x*(t) =
0 for t > 2T. Let v(x),x € M be a smooth vector field, such
that v(x) = vx € Ny for x € OM. Multiplying equation (2.60) by
T (t) (du(x,t),v(x)), and integrating over Q%, we obtain that

/QT F(x, t)xT () (du(x,t), v(x)) dV,dt =
- / _(BFu— Agu+ qu)xT (1) (du(x.t), v(x)) dVydt.
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Let us consider separately the first two terms
L = OFu(x,t) X (t) (du(x,t), v(x))dV, dt (2.81)
QZT

and

I, =— o Agu(x,t) X" () (du(x, t), v(x))dV, dt (2.82)

in the right-hand side of the above equation. Integrating by part
with respect to t in the integral /1, we see that

2T

L = [/ pux? (du, V)dVg] — BT (d(Byu), v) dV,, dt—
M 0 Q2T

— Opu (du, v)Oyx ' dV, dt.
QQT

Because x!'(2T) = 0, x1(0) = 1, we obtain

L= —/ Yy (dipo, v) dVy — %/ X' (d(Byu)?, v) dVydt—
M QT

- / X! Opu (du, v)dVdt.
2T

In the following, we use the equation,
Div (fv) = Div (v) f + (df,v), (2.83)

which is valid for any smooth function f. Using this equation with
f = (0yu)?, we obtain that

/Q X (d(0)*,v) dVdt = — / X" (Bru)® dS,di—

32T

—/ X! Div(v) (9,u)? dV,dt
2T

At last, we take into account that the first term in the right-hand
side is equal to 0, since Oyulyr, = 0 due to f = 0.
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To analyze I, we use the following identity, which is valid for
any function wu,

(d|w\§, v) =2(r,Vyw)y, w= Gradu. (2.84)

We leave the proof of this identity to an exercise. Applying equations
(2.8) and (2.84), we obtain that

_ 1
2
Using equation (2.83) with f(x) = |du|g(x) and equation (2.85), we
obtain that

(d(v,w)g,w) = =(d|w|?,v) + (w, Vyr)g, w= Gradu. (2.85)

(du, d(du, 1)y = (1w ) + (w, Vur)y =

1 1
=5 Div {(du, du)4v} — 5 Div (v)(du, du) g + (w, V).
Integrating by parts the right-hand side of (2.82), we get

I, = —/ Div (Gradu) x* (du,v) dV,dt =
2T

= /Q2T ! (du, d(du, v))gdVydt +/ XT(5uu)2ngdt _

»2T

1
= [ DV @) dudu) Vi [ (. Vo), dVydes

2T

1
+ / X" (Opu)? = S|dul?) dSydt, (2.86)
$27 2

where w = Grad u.
As ulsr = f =0, we see that

(du, du)glaM = | Opulyg |2.

Combining the previous considerations, we obtain that

/ X' F(du,v)dV,dt =
T
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S / z/;l(dwo,u)dVg—kl / Y Div (v)(du)?dV,dt—
./\/I 2 QQT

1
— atXTBtu(du, v)dVydt + — / XT((?,,u)Qngdtf
Q2T 2 Jyor

—l/ x! Div (v)(du, du) ,dV,dt+
2 Jger

- / Xt (du, V ,v)dV,dt + / xFqu(du,v)dV,dt,  (2.87)
2T QQT
where w = Grad u. Using equation (2.87), we see that

[ XT @ as,dt < eTIPIZy + ol + 11+
2 2
o) mas u(®)F + max [9(0)[3). (2.58)

As xT'(t) = 1 when t < T, we obtain estimate (2.80) from (2.88) and
Lemma 2.34. O

Exercise 2.40 Let u be a smooth function and X be a smooth vector

field. Show that
(d(w,w)g, X) =2(X,Vyw)y, w= Gradu.

Since both sides of this equation are invariant, one can use local
coordinates to prove the statement.

Remark. For readers who are more familiar with differential geom-
etry, we note that this equation follows from the Cartan formula.

Corollary 2.41 Let F € L'Y([0,T]; H}(M)), vy € D(A), ¥ €
H}(M) and f =0. Then di0yulsr € LA(ET) and
|00 ulsr]l < (2.89)

T
«(T) { /0 V() lndr + [ Asoll + o]l + uwl} |
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Proof. Step 1. Analogously to the proof in Lemma 2.34, we repre-
sent u(t) in the form,

u(t) = w(t) + wh(t), w(t) =w') +wl(t).

Consider e(t) = dyw(t). Then e(t) is the solution of initial-boundary
value problem (2.60)-(2.62) with ' =0, f =0 and

el = U1 € Hj(M), 0Orel,my = Agtho — qibo € L*(M).
Therefore, by Lemma 2.39,
810, wlyr = dyelsr € LA(XT),
and
| Os0ywlsr || < e(T) { [l Avoll + [lboll + ([l } - (2.90)

Step 2. To analyze O;w!’, we use representation (2.74). It implies
that

t
dywk (t) :/ Oyw(t; T)dr.
0

Here w(t; 7) are given by formula (2.75). In particular, w(7;7) = 0.
As w(t; ) satisfy equations (2.76), it follows from Step 1 that,
for almost all 7, 8;0,w(+; 7)|gr € L*(XT) and

[ 00w (;7)gr | < (T)E(T)]]1-

Using the same considerations as in Lemma 2.39, show that

T
905 lo< [ o0l )ldr <
0

T
< «(T) /0 |F(7)1dr. (2.91)

Combining (2.90) and (2.91), we obtain estimate (2.89). 0
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2.3.6. % In this section, we start to discuss the case of the inhomo-
geneous boundary condition, f # 0.

Lemma 2.42 Letu(x,t) be the solution of the initial-boundary value
problem (2.60)—(2.62).

i) If g € L2(M), 1 € H-Y(M), f e L2(XT), F =0, then u(t) €
C([0,T]; L2 M) n CH([0, T]; H(M)) and

qax {[|u(t) o+ Oru(®) |2} <c(D)vollHI -1+ S0 2r) }-(2.92)
iW) If vo € H'(M), ¥y € L2(M), f.of € L*(ST) and fl,_y =
Yolo then u(t) € C([0,1]; L*(M)) N C3([0,1]; HTH(M)).

Proof. Step 1. We will consider only f € C§(XT), o, 91 €
C§°(M) and prove estimate (2.92) for these functions. The result
for the general f € L2(X7T), o9 € L2(M), 1 € H (M) will follow
by the closure of (2.92) in L2(X7) x L2(M) x H=Y(M).

It follows from Corollary 2.36 that, in case i), it is sufficient to
take 1/10 = 1/11 = 0.

Let v be a solution of the dual problem,

v —Ap+q=H in QF, (2.93)
v|gr =0, (2.94)
ey =0, Bhvl;g =0, (2.95)

where H € C§¢(Q1). Then, by Corollary 2.37, v € C([0,T]; D(A))N
CL([0, T); HY(M)). As

va:Agv—qv+H,

we see that v € C?([0,7]; L*(M)). Using definition (2.67) of the

weak solution, where v is a test function, we see that
/ uH dVydt = fO,vdS,dt. (2.96)
T »T

Due to estimate (2.80), the right-hand side of (2.96) depends continu-
ously on H € L([0,7]; L?*(M)). Therefore, equation (2.96) defines a
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continuous linear functional on L*([0,T]; L?(M)). This implies that
u € L>([0,T]; L?(M)) and depends continuously on f € L?(X7).
Step 2. To show that

10pu(@)]| -1 < e(T)|[ fllo,51)5 (2.97)

we consider the integral [or OyuH dVydt for H € L'([0,T]; Hy(M)).
Let v be the solution of (2.93)—(2.95) with such H. Then

OpuH dVydt = / O f OyvdS,dt = — / f 0:0,vdS,dt. (2.98)
»T >

T

QT
By Corollary 2.41, the right-hand side of (2.98) is defined for any

f € L*(ZT). Henceforth, equation (2.98) defines a linear functional
on LY([0,T]; HY(M)), i.e.

dyu € L>=([0,T); H-H(M)),

for any f € L2(X7). Moreover, estimate (2.97) holds true.
Step 3. For f € C3(X), let f¢(x,t) be a smooth continuation
of f into QT with

supp (f )N M x {t =0} =0.

Represent u in the form u = f¢ 4 w. Then w is a solution of initial-
boundary value problem (2.60) (2.62) with zero initial and boundary
conditions and F' € C*®(Q'). Moreover, d;w is also a solution of
initial-boundary value problem (2.60) (2.62) with ?,/DB , a of the form

bo=0, ¥ =08w|—o= Flimo — a(x, D)ty = Fli=o € L*(M).
Applying Corollary 2.36, we obtain that
u(t) € CH([0, T]; L* (M) N C*([0, TT; H (M),

when f € Cg°(XT). Part i) of the lemma follows now from steps 1
and 2 if we take into account that C§°(X7) is dense in L*(X7) and
use the closure arguments.

Step 4. Let us consider case ii). We start with f € C®(X7),

Yo, P1 € C°(M) and fl,_y = Yolypy-
Let 1§(x,t) be a smooth continuation of 1 into Q*". Then u(t) =
YP§(t) + w(t), where w is the solution of problem (2.60)—(2.62) with

Fec>@h), fec==h), floy=0
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and
wli—g =0,  Ghwl,_y € C*(M).
Clearly, w(t) and, henceforth, u(t) € C1([0,T]; L*(M)). Therefore,

Oru is a weak solution of initial-boundary value problem (2.60)—(2.62)
with
F =0, 0wl|,_y,=0, 8§u\t:0 = —a(x, D)y,

and f replaced by 0; f. Using Corollary 2.36 and part i) of the lemma,
we see that

dyu € C([0,T]; L*(M)),  8u(t) € C([0,T); H-'(M))
and

max {[8u(®)lo + 107l -1} < «(D){IlYoll1 + 10:F ] 0,2m)}-(2:99)
Taking the closure of (2.99) in the space f,0;f € L?*(X7), ¢y €
H(M), fl,—y = tolyn and using the estimate (2.92), we prove

part ii) of the lemma.
O

Lemma 2.43 Let ¢y =0, F =0, ¢p € H'(M), f € HYX"), and
flizo = Yolom- Then u(t) € C([0,T]; HY(M)) N CH([0,T]; L2 (M)
and Oyu|sr € L2(XT).

Proof. Step 1. Let f € H'(Z?). Since the restriction operator
T, : f — fli=r is an operator from HY(XT) to HY?(OM) depending
continuously on 7, we see that f € C([0,T]; H/2(OM)).

As f satisfies conditions of Lemma 2.42 ii), we have that u €
C([0,T]; L*(M)) and d2u € C([0,T]; H~Y(M)). Then, for any o €
Rand 0<t<T,

a(x, D)u(t) + ou(t) = —du(t) + ou(t) € C([0,T); H (M),

ulgr = f € C([0,T); H*(OM)).

Let o not coincide with an eigenvalue of A. Then, due to Lemma

2.24, u € C([0,T]; HY(M)) and

ma [u(®)ll < e(T) max (167u(O)]-1 + [u®llo + 1£(Ola 2050}
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< o(T){f a5y + ol (2.100)

Step 2. To show that d,ulsr € L2(XT) and

|9uulozmy < eI N zm + ol (2.101)

we use essentially the same arguments as in the proof of Lemma
2.39. Let f € HY(X*') be a bounded extension of f. Denote by
u the solution of (2.60)-(2.62) in Q* with @|yr = f, F = 0, and
Y1 = 1 = 0,y = 1Pg. Multiplying (2.60) by x?(t) (du,v) and
integrating by parts, we obtain that

T ~12 2 ~112
[ XT10aS < eI ory + [l oy} <

< e(THIIFIIF sy + ol (2.102)

As uw=u when t < T, estimate (2.101) follows from (2.102).
|

Summarizing Lemmas 2.34-2.43, we obtain the proof of Theorem
2.30.

Exercise 2.44 Following the proof of Lemma 2.39, prove estimate
(2.102).

2.3.7. To obtain the higher-order regularity results for u, we should
make further regularity assumptions on F, f 1 and 1. Also, we
have to impose higher-order compatibility conditions at M x {0}.
To describe these conditions, assume that v € C([0, T]; HP*1(M)) N
CPT1([0,T); L*(M)). Then we should have compatibility conditions
for all derivatives 8/ f, j =0,1,..,p,

f‘t:(] = 77[)0|8M ) 8tf|t:(] = atu|(6/\/t><{0}) = 77[)1|8M;
al?f’t:o - 81?“’(8M><{0}) = (—a(x, D)volgrm + Flomxgop)s

etc. Using the considerations similar to those in the demonstration
of Lemmas 2.42 ii) and 2.43, we obtain the following theorem.
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Theorem 2.45 Let p be a non-negative integer. Assume that F €
LY([0, T, HY(M)), &FF € LM(0,T]; L3(M)), o € HPL(M), by €
HP(M), and f € HPTH(ST). If all compatibility conditions up to the
order p are satisfied, then

u € C([0, 1] HP*H (M) 0 CPH([0, TT; LA(M),

dyulsr € HP(XT). (2.103)

The dependence of u and Oyu|sr on F, f, 10,11 is continuous in the
corresponding spaces, i.e.,

(@) |1 + 187 ut) o + [0vu]l sy <
<T) {”F”Ll([O,T];HP) + 1F' 2o, 13:22) + 1Yol ey +

il + 1l grsm) (2.104)

In particular, if 1g,701 € C®(M), F € C®(QT), f e C=(xT) and
all compatibility conditions are satisfied, then u € C>=(Q™).

In Chapter 4, we will also need the following global estimate.

Corollary 2.46 Let F € L} (Ry; HP(M)) be a function such that

loc

HF € L (Ry;LA(M)).  Moreover, let 1y € HPFY(M), ¢ €
HP(M), and f € Hl’:gl(ﬁ/\/l x Ry). If these functions satisfy all

compatibility conditions up to the order p, then

u € C(Ry; H"T1(M)) N CPHY(R; LA(M)),

8yu|ET S Hp

loc

(OM x Ry). (2.105)

Moreover, there exist c1,ca > 0 such that

@)l ey + 10F w0 + 10l ey < (2.106)
< 1€ {||F || pa(po,;m0) + 1 F N L1 o2y + N0l oy +

Hlallp + 1 1m0 }
for any t > 0.
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We remind the reader that L: . H? . etc are defined as classes

loc’ “Tloc?
of functions whose restrictions onto any bounded time interval lie in
the proper spaces, e.g.,

HIPHOM x Ry) = {f : flyr € HPTY(ET), for any T > 0}.
Proof. As the coefficients of the wave equation are independent of
t, Theorem 2.45 and, in particular, estimate (2.104) remain valid for
any time cylinder of the form M x [t, ¢+ T]. Using this observation,
we obtain the proof of the corollary by iterations with

Ine(T)
T

c1=¢(T), co =

2.3.8. Another important property of initial-boundary value prob-
lem (2.60)—(2.62) is the finite velocity of the wave propagation. To
formulate the corresponding result, let £ C M be an open set.
We remind the reader that, in general, OM N Q # (. Denote by
DT = DT(Q), T > 0, the cone

DT = {(x,t) € QT : d(x, M\ Q) > |t|}, (2.107)
and by Q! its intersection with M x {t},
Q= {xeM:dx,M\Q)>|t]}; Q=0° (2.108)

Theorem 2.47 Let u € C([0,T]; HY(M)) N C([0,T]; L*(M)) be a
solution of initial-boundary value problem (2.60)—(2.62). Let

flprasr =0, %o = t1|lq =0, F|pr=0. (2.109)
Then
U|DT - 0

Sketch of the proof. Step 1. We remind the reader that, for xg €
M p >0, we denote by B,(x0) the ball of radius p with centre in
xg. Let p,d > 0 be sufficiently small, so that B, 5(xg) is a coordinate
chart of normal coordinates centered at xo and B, s(zg) C M™.
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Let, in addition, 7" < §. Then, multiplying (2.60) by d;u and inte-
grating over DT, we obtain from (2.109) that

(@0 (T) + (du(T), du(T))} AVy + V2 | (O -+ 0,)? dort
QT T

+2/ quiyu dVydt = 0, (2.110)
DT

where S is the lateral boundary of D’ and do is the volume element
on ST,

ST = {(x,t) :d(x, M\ Q) =t, 0 <t <T}.

As u(x,t) = fg Oru(x, £)dg, it follows from the Cauchy inequality
that

/ w?dVy < c(T) | Owu® dVydt.

QT DT

As the second term in the left-hand side of (2.110) is positive, we see
that

/ ((atU)Q(T)+(dU(T)’dU(T))g)dVg§C(T)/ (u? + (Bpu)*)dVydt.
QT DT

Therefore,

1) <er) | CH(e)de. (2.111)

where

1) =5 [ (0 + (du,du)y + ) V.

As H(0) = 0, estimate (2.111) implies that H(t) =0 for 0 <t < T.

Step 2. In the general case, we continue u by zero across DT NYT.
The function @ obtained in this way satisfies & € H! in the extended
domain due to f|praxr = 0. It is a solution of wave equation (2.60)
in this extended domain. We cover (2 by balls B, and use step 1 to
prove that @ = 0 in the extended cone D?. Repeating this procedure,
we see that u|,r = 0.
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2.4. Gaussian beams

2.4.1. In this section, we construct a special class of solutions of
the wave equation on a Riemannian manifold without boundary. The
corresponding solutions for a manifold with boundary are described
in Chapter 3. They are used there for the reconstruction of the Rie-
mannian manifold and the Schrodinger operator on it. The solutions
are known as Gaussian beams or quasiphotons. The name “quasipho-
ton” reflects the fact that any solution of this type is concentrated
at time ¢ near a point x = x(¢). The path p : x = x(t) turns out to
be a geodesic on (N, g). The quasiphoton moves along this geodesic
with unit speed. Moreover, many properties of such solutions (the
energy conservation law, reflection from the boundary etc.) are anal-
ogous to those of particles. The name “Gaussian beam” reflects the
fact that at any time ¢ the energy density of a Gaussian beam coin-
cides with a Gaussian function. The one-dimensional version of such
solutions is described in section 1.4. In the multidimensional case,
the behaviour of the Gaussian beams is more complicated than in
the one-dimensional case. First, Gaussian beams are associated with
geodesics on the underlying manifold. In the one-dimensional case
there is, in fact, only one geodesic. On the contrary, in the multidi-
mensional case, there is an (m — 1)-dimensional family of geodesics
through any point x. Second, in the multidimensional case, the phase
function of a quasiphoton behaves in a more complicated way than
in the one-dimensional case.

The construction of the Gaussian beams on a multidimensional
manifold without boundary is a rather long procedure and is divided
into several steps. First, we construct a special asymptotic solution
of the wave equation (2.60) called a formal Gaussian beam. Second,
we show that, with the right initial data, the solution of the initial-
value problem is close to a formal Gaussian beam. In Chapter 3, we
apply these constructions to find a Gaussian beams on a manifold
with boundary. This is done by choosing a special boundary data so
that the asymptotic expansion of the solution of the wave equation
is equal to that of a formal Gaussian beam. This Gaussian beam
moves along a geodesic that is transverse to the boundary.
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2.4.2. We seek an asymptotic solution of the wave equation in the
form

N
UN(x,t) = M exp {—(ie)"'0(x,t)} Z un(x,t)(ie)", (2.112)
n=0

where M, is the normalization constant,
M, = (me)~™/4, (2.113)

As in the one-dimensional case, the phase function 0(x,t¢) and the
amplitude functions u, (x,t), n = 0,1,..., N, are some smooth comp-
lex-valued functions of the variables (x,¢). In the following, we con-
struct asymptotic solution (2.112) of the wave equation (2.60) with
the phase function 6(x,t) that satisfies the following conditions

I0(x(t),t) = 0, (2.114)

I0(x,t) > Co(t)d?(x, x(t)), (2.115)

where Cy(t) is a continuous positive function. From (2.112)—(2.115)
it follows that UM (x,t) is concentrated near x(t) in the sense that
for any ball B = B,(x(t)), p > 0,

HUeN(vt)H:O(l)v ||U6N(7t)‘_/\/’\B||:O(€p)a
for any p > 0.
Since € is an asymptotic parameter, we can multiply it by any

positive constant ¢ > 0, i.e. to replace e¢ with € = ce. As a result,
UGN goes to Ué\],

N
UX (x,) = Mzexp{— (i) 7'0(x, )} Y _ in(x, £)(i0)",
n=0

where

E=cc, O(x,t)=0(x,t)c, Un(x,t)=up(x,t)c" """/
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2.4.3.

Definition 2.48 A formal Gaussian beam of order N is a function
UN(x,t) of form (2.112) with the phase function 0(x,t) that satisfies
conditions (2.114)-(2.115) and that satisfies the inequality

(87 — Ay +q)UN | < O(T) M, in QT (2.116)
with some C(T') independent of e.

In general, functions satisfying inequality (2.116) are called asymp-
totic solutions of the wave equation.

Our goal is to construct a phase function # and amplitude func-
tions u"(x,t), n = 0,..., N, such that UM (x,t) is a formal Gaussian
beam. Condition (2.115) implies that it is sufficient to construct
a Gaussian beam in any small neighborhood of the path (x(t),t).
When ¢ is small enough, we can work in a coordinate chart (U, X)
around x(¢). Because of this, all further constructions are given in
local coordinates, that is, in R™.

Substitution of (2.112) into equation (2.60) yields that

(07 — Ay +q) UM (x.t) =

VO o N+2 .
M, (ie)™= exp {—(i€) O(X,t)}Zvn(x,t)(ze) (2.117)

n=0

where v,, has the form

vn(x,t) = [(0:0)* — ¢7'(x) ;00,0 un (X, ) — Lotn_1(x,t)+ (2.118)

+(0} = Ag + qJun—(x, 1),

where n = 0,...,N + 2, and u_s(x,t) = u_1(x,t) = 0. Here Ly is
the transport operator

Lou = 20;00;u — 2¢7'0;001u + (9} — A,)0 - u. (2.119)
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2.4.4. We start with the following simple lemma.
Lemma 2.49 Let 0(x,t) satisfies conditions (2.114), (2.115) and

lun(x,8)] < Cd(x,x(£))*N+2 7 n=0,...,N+2. (2.120)
Then there is a constant C(T) such that
(02 = Ay + @)UY | < C(T) MY (2.121)
for (x,t) € QT.
Proof. In a local coordinates near x(t¢) introduce variables
y =x — x(t) (2.122)

when |t — tg] is sufficiently small. Then

2
[un (%, t) exp {—(ie) "10(x, t)}| < C|y[?N+2—7) eXp(_%)

< C/€N+2fn

Covering the path p : (0,7) — N by a finite number of coordinate
charts and using the fact that in any coordinate chart

Clx —y| <d(x,y) < Clx —y]
we obtain inequality (2.121). O

It follows from Lemma 2.49 that, to construct UY, it is sufficient
to find # and w,, n = 0,1,..., such that corresponding v,, n =
0,..., N +1, vanish to order 2(N +2 —n) at y = 0. Note that we do
not require that vy 4o vanish. In the following we describe a recurrent
procedure to construct 6 and u,, so that 0 satisfies (2.114)-(2.115)
and the corresponding v, vanish to an sufficiently large order, say to
order K > 3(N +1). (2.120). We use the notation

v(y,t) <0, (2.123)

when 95v(y,t)|y=0 = 0 for any multi-index a, |a| < K at any time
t € [0,T]. Notice that this implies

(0287 v)(x(t),t) =0
for all |a| + || < K.
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2.4.5. We start our construction of a formal Gaussian beam with
the analysis of the term vy. The corresponding equation vy =< 0 can
be written in the form

[(6,50)2 — gjl(x)aﬁalé]uo (X, t) = 0. (2124)

To satisfy this equation, it is sufficient to find a phase function (x,t)
such that

(0:0)* — ¢ (x)0,;08,0 =< 0. (2.125)

Equation (2.125) is called the Hamilton-Jacobi equation for the
phase 6(x,t). Given 6, which satisfies equation (2.125), the other
equations v,4+1 < 0, n = 1,..., N take the form of the transport
equations

Louy, = (07 — Ay + q)un—1, (2.126)

n=0,...,N. Equations (2.126) are solved successively, so that the
right-hand side is known at any step. In particular, equation (2.126)
with n = 0 has the form

ﬁgUo =0. (2.127)

Because we are interested in Taylor’s expansion of v,,, it is natural
to represent the phase function 6 and the amplitude functions u, by
their Taylor’s expansions with respect to y,

0(x.t) < Y 9”’—(t)y7, (2.128)

!
NECI
t
un(x,t) = 3 L”,()yV. (2.129)
~!
|v[=0

We also use the notations 6;(t) and wuy, ;(t) for the homogeneous terms
of order [,

o(t) =" . :

S0 () = D Suny )y (2130)
' lyl=t "
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2.4.6. The most important part of the construction of the formal
Gaussian beam is to find the first three polynomial, 6y, 61, and 62
of the phase function 6. Since these polynomials are in the focus
of our attention for quite a while, we use special notations for their
coefficients. The coefficients of 01 are denoted by p; so that

01(t) = pj(t)y’. (2.131)
The coefficients of 02 are denoted by Hj; so that

1

0a(t) = S H(t)y'y', (2.132)

where H(t) is a complex-valued symmetric matrix, Hj; = Hj;.

2.4.7. %A change of variables in the vicinity of x(t¢) should not
affect 0y(t), i.e. Oy(t) is a scalar function along the path u : x = x(¢).
The components (py(t),...,pnm(t)) form a covariant vector field p(t)
along the path p. By (2.115), p; have to be real valued. On the other
hand, the complex-valued matrix function H(t) does not represent
a tensor field along p. Indeed, a coordinates transformation x — x
transforms H (t) to H(t), where

~ 7l (x T (x 22 (x

However, we see from formula (2.133) that SH(t) is a 2-covariant

tensor along the path p. Although H (%) is not a tensor, nevertheless,
there is a symmetric tensor G(t) that is closely related with H(t),

Gij(t) = Hij(t) — T3 (x(8))p(t), (2.134)
where F;?l are the Christoffel symbols. Clearly, SH = SG.

Exercise 2.50 Using the transformation formulae for the Christof-
fel symbols (2.7) show that G is 2-covariant tensor.

2.4.8. One of the most important properties of a Gaussian beam

is that the corresponding path u : x = x(t) is a geodesic. To show
this, we start with the following lemma

© 2001 by Chapman & Hall/CRC



Lemma 2.51 Let UN(x,t) be a formal Gaussian beam of order N
that corresponds to wave equation (2.60). Then

i) 0o(t) = 0, i.e. O(x(t),t) is constant.
i1) (x(t),p(t)) (or (x(—t),p(—t))) is a bicharacteristic corresponding
to the hamiltonian h(x,p),

h(x,p) = (¢ (x)pip;)"* = (p, p) /% (2.135)

We note that condition ii) for the bicharacteristic (x(t), p(t)) means
that (x(t),p(t)) satisfy the Hamilton system of equations
dz*  0Oh dp; oh

dt — Op;’ dt T ot (2.136)

System (2.136) is uniquely solvable if we add proper initial condi-
tions,

X|;—g = X0, Pli=o = Po- (2.137)

We remind the reader that the Hamilton-Jacobi equation (2.125)
means that all Taylor’s coefficients of the function (9;0)% — ¢7'0;00,0
vanish at y = 0.

Proof. The proof of the lemma is given under an additional assump-
tion that for any ¢ the instant frequency w(t),

W(t) = — OB(x, )] ry # 0. (2.138)

Later, we prove that this assumption is satisfied for any Gaussian
beam.

Step 1. We start our analysis with the terms of degree 0 and 1 in
the Taylor expansion of both sides of the Hamilton-Jacobi equation
(2.125). These terms give rise to the following equations, which are
considered together

A
(E —DPj ﬁ) — 9" pim =0, (2.139)
dby dax? dp; dx" dgi"
(& %) @ v mo’g ] Growe
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—¢""pi(Hy + Hy) =0, 1=1,...,m. (2.140)

Here the metric tensor ¢/! and its derivatives 9;¢7" are evaluated at
the point x = x(¢). Consider the imaginary part of equation (2.140).
In view of (2.114), (2.115) we have

Qbp(t) =0, SQpi(t)=0, j=1,...,m. (2.141)
Hence, we obtain the following equation
XHy+Hpy)n" =0, I=1,....m, (2.142)
where n = (n',...,n™) is of the form

dfy dx?\ dz” j dx” j
r_ . - Th: = — "pi. (2.14
" (dt bj dt) g 9= )G+ g7y (2143)

Here we used that from the definition of w(t),

dz?  dby
w(t) = Pigr (2.144)
Step 2. Let us show that
dby
— =0. 2.145

By condition (2.115), SH(t) is positive definite. Hence, equation
(2.142) yields that

n=0. (2.146)

Since 7 is a vector and p is a covector, we can consider the inner
product (p,n),

dx” ;
(1) =1"pr = —w 7 pr+ ¢ pipr = 0. (2.147)
Equation (2.139) implies that
; dbo dx”
9" pjipr = —w <ﬁ - prﬁ> = (2.148)
doy dz” by
=W twpr e = —w— s g Db,
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where the last step is based upon (2.147). Comparing the beginning
and the end of the above equation we see that

dby

—l=0. 2.149
W (2.149)

Due to the assumption that w # 0, we obtain that %1 = 0.
Statement i) is proven.
Step 3. Our next goal is to prove statement ii). Using definition
(2.144) of w(t), we rewrite equation (2.139) in the form

WA (1) = ¢" (x(t)p; (Opi(2)-

To analyze this equation we consider separately the case w > 0 and
the case w < 0. When w(t) > 0, i.e.

w(t) = (¢"'pjp)"/? = h(x(t),p(t)), (2.150)
equations (2.143) and (2.146) imply that

dz”
dt

= lg'pip) "¢ p;, T =1,...,m. (2.151)

Now, using definition (2.135) of the Hamiltonian h(x, p), we rewrite

the above equations in the form
dz"  Oh
dt — Op,’

r=1,...,m,

which coincide with the first m equations of the Hamilton system of
equations (2.136).

To obtain the last m equations of the Hamilton system, we return
to equations (2.140). Taking into account (2.150), we obtain that

r

dp, ~ 0g’"

- gjrpj> = Qh(x, p)E + ijpr.(Q.lf)Q)

dx
H, H. h
(Hy + r1)< (x,p) 7

In view of the first m equations of the Hamilton system, the left-hand
side of these equations is equal to zero. Thus,

dp 1 0g” ~ Oh
At 2h ot PP T T gl

These equations are just the last m equations of the Hamilton system.
Due to (2.150), the fact that the hamiltonian is constant along the

l=1,...,m.
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bicharacteristic x = x(t) is equivalent to the fact that the instant
frequency is constant.

w(t) = w(0) = constant.

In the case w < 0 similar considerations as above show that
(x(—t), p(—t)) is a bicharacteristic and w(t) = w(0) = const.

The statement ii) is proven.

Step 4. At last, we will prove that w(t) # 0 for any Gaussian
beam. Assume that, on the contrary, w(tg) = 0 for some ty. Then,
due to our previous considerations, w(t) = 0 for any ¢ near ¢y. Hence
equation (2.139) implies that p(¢) = 0. Using (2.139) again, we see
that % = 0 for any ¢. Thus, Taylor’s expansion of §(x, t) starts with
the term of homogeneity 2 so that the terms of homogeneity 0 and
1 in Hamilton-Jacobi equation (2.125) are equal to zero. Consider
the term of homogeneity 2 in this equation. It can be written in the
form

xt z! , .
Hi(1 (d SULLUS gzl<x<t>>) Hy(tghy =0 (2153)

for any y and t.
Denote by A the real-valued symmetric matrix

; ; dz’ dx’
Azl — il 1) — )
g (x(t)) - %
Then equation (2.153) takes the form
HAH =0, (2.154)

which is equivalent to two real equations

SHARH + RHASH = 0, (2.155)

RHARH = SHASH.
Introduce the matrix 7T,

T =RH(SH) !,
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where (3H)™! exists due to condition (2.115). Thus the equations
(2.155) are equivalent to the equations

AT +T*A =0,
A=T*AT, (2.156)
which imply that
A(T? +1) = 0. (2.157)

It follows from equation (2.157) that A =0, i.e.

. : dx® dz!
il ) o
A" (t) = ¢"(x(t)) e 0. (2.158)

. i l
However, as matrix [¢”] is positive-definite, the matrix {dxdp dwd—t(t)} is

degenerate. This contradiction proves that w(t) # 0 for any Gaussian
beam.
O

Exercise 2.52 Use the fact that RH and SH are real symmetric
matrices to show that T? + I is non-degenerate.

Multiplying U by the constant factor exp {ifp/€} we can always
assume that 6y = 0.

2.4.9. Let us consider an important geometrical consequence of
Lemma 2.51. Due to the considerations at the end of section 2.4.2
we can re-normalize €, i.e., take € = ce, so that

|w(0)| = [po| = h(x0,P0) = ho = 1,

and, henceforth,

w(®)] = [p(t)] = h(x(t),p(t)) = 1. (2.159)
In this case, the velocity vector v(t) = Cfi—’; is the canonical transfor-
mation of p(t),
dx(t da? ,
e P ) O R )
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Lemma 2.53 Let (x(t),p(t)) be a bicharacteristic of the hamilto-
nian h(x,p) = [gjl(x)pjpl]l/2 with initial data (xo,Po), |pol = 1.
Then the path p : x = x(t) is the geodesic Yxq vy, where vo = Iypo,
and t is the arclength along vxg v, -

Exercise 2.54 Prove Lemma 2.53 by showing that x(t) satisfies the
equation of geodesics (2.12). In the proof use the Hamilton system
(2.136) and the fact that

09" = —g™(Ogrr) g™

To conclude this subsection, we discuss the case |pg| = hg # 1.
Because hamiltonian A is a positive homogeneous function of order
1 with respect to p,

h(x,Ap) = Ah(x,p), A >0, (2.161)

x(t) and p(t) are homogeneous functions of order 0 and 1 with respect
to hg. Henceforth, the corresponding path p : x = x(t) is also
a geodesic, with ¢ being its arclength. Using this remark and re-
normalization of €, we can always consider, without loss of generality,
the case w(0) = |po| = 1.

2.4.10. Next, we study the homogeneous term 65(t). To this end
we analyze the term of homogeneity 2 with respect to y in (9;0)% —
¢719;00,0. This term which depends on 6a(t) and 05(t). However,
the terms with 03 vanish along the geodesic x = x(¢) due to the
Hamilton system (2.136).
As a result, we obtain a matrix Riccati equation along the bichar-
acteristic (x(t), p(t)) for the matrix H(t),
d

GH+D+ (BH + HBY) + HCH = 0. (2.162)

The matrices B, C', and D are m X m matrices with components
given by the second derivatives of the hamiltonian h(x, p),

9?h 9?h 0%h

Jo_ . gl . = 2.163

b oxlop;’ p;0p;’ It 92iox!” ( )
where j,0 =1,...,m and the derivatives are evaluated in the point
(x,p) = (x(t),p(t)), i.e., on the bicharacteristic. Clearly

B'=B*, C'=C*=C, D'=D*=D. (2.164)
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Exercise 2.55 Derive equation (2.162).

As usual, equation (2.162) is supplemented with initial condition

H|,_, = H, (2.165)

where Hj is any given matrix satisfying
Hy = H, (2.166)
SHy > 0. (2.167)

2.4.11.

Lemma 2.56 Let Hy satisfy conditions (2.166) and (2.167). Then
i) The initial-value problem (2.162) (2.167) has a unique solution

H(t), t € R.
ii) The solution H(t), t € R, is symmetric,

H(t) = H'(t), (2.168)
and

SH(t) > 0. (2.169)

i11) Moreover, for any Yy, Zo, such that
Hy = ZpyYy *, (2.170)
the matrixz H(t) is represented in the form
H(t)=ZzZt)Y ()™ (2.171)

The pair of matrices (Z(t),Y (t)) is the solution of the initial-value
problem,
d

YW =B Y+C 7, Y|y=Y,

%Z(t) ——D-Y—-B-Z, Z,_y= %, (2.172)

where the matriz Y (t) is non-degenerate for allt € R,
detY (t) # 0. (2.173)
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2.4.12. The proof of the lemma is based on the following statement:

Lemma 2.57 Let (Z(t),Y(t)) be the solution of initial-value prob-
lem (2.172). Then

ZHOY (1) =Y Z(t) = ZYo — Y Zy = const, (2.174)

7)Y () =Y () Z(t) = Z;Yo — Yy Zo = const, (2.175)

Proof. Let us show that the derivative, with respect to t of the
left-hand side of (2.175), are equal to zero. Indeed,

d az* dy dY* dz
—(Z*Y —-Y*Z) = Y+ 25— — Z-Y*"—=1(Y,Z2).
dt( ) dt * dt dt dt (¥, 2)

Using equations (2.164), (2.172), we rewrite (Y, Z) in the form

I(Y,Z) = —(DY + BZ)*Y + Z*(B'Y + CZ)—
~(B'Y+CZ2)*Z+Y*(DY + BZ) = ~-Y*DY — Z*B'Y +

+Z*BYY + Z2*CZ —Y*BZ — Z*CZ +Y*DY +Y*BZ = 0.

The proof of relation (2.174) is analogous. O

2.4.13. Returning to the proof of Lemma 2.56, we choose
Zo=Hy, Yp=1, (2.176)

where [ is the identity matrix.

Step 1. Due to linearity, the system (2.172)—(2.176) has the
unique solution (Y'(¢),Z(t)). Next, we show that Y (¢) is non-deg-
enerate for all t € R. Assume, on the contrary, that there is {g € R
and a vector n € C™, n # 0, such that

Y (to)n = 0.
Clearly,

(Y (to)n, Z(to)n) — (Z(to)n, Y (to)n) = 0.

© 2001 by Chapman & Hall/CRC



Hence,
(Z*(ta)Y (to) — Y*(t0) Z(to)1,1) = O. (2.177)
In view of (2.175) this equation implies that
(2" ()Y (to) — Y*(to) Z(ta))n. m) = ((Z5Yo — Yo Zo)n, ). (2.178)
Introduce the vector ¢ by the formula
(=Yom; n=Y; ¢ (2.179)

Substituting (2.179) into (2.178) and multiplying by %, we come to
the equation

i * * — —
5 ((Z6Y0 = Y5 Z0)Yy ¢, Yy 'C) =

= 2((H — Ho)G, ) = (SH ¢,¢) = 0. (2.130)

In view of (2.167), this equation implies that ( = 0 so that n = 0.
This contradiction shows that Y(¢) is non-degenerate.
Step 2. We proceed now to the proof of factorization iii). Differ-
entiating H () and using (2.172), we obtain that
dH dnyl ZdY_1 _dz 1dY

- _ = = vyl _gzy1Z_y-1_-
dt — dt T dt dt

= (DY +BZ2)Y ' —zy Y(Bly + C2)Y ! =
——D-Bzy '—zy'Bt—zy~lczy ' =

=-D - (BH+ HB") - HCH,

which proves iii).

It is known that that the solution of initial-value problem (2.162),
(2.165) is locally and, henceforth, globally, unique. Because we have
already proven the existence of the solution, this proves part i).
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Step 3. It remains to prove part ii) of Lemma 2.56. To this end,
we use Lemma 2.57, which implies, due to the symmetry of Hy, that

Y()'Z(t)=Z(@t)'Y(t) forallteR. (2.181)

Therefore, H!(t) = H(t).
To prove the positive definiteness of SH(t), we counsider the
quadratic form (SH (¢)¢, (), ¢ € R™. Then

SHOGO = J(V)ZY =V Y0 = (218

= S(ZY =Y ZY YT = S(Z Y () =Y (O Z@)n.)
with
n=Y"'(t)C.

Taking into account equality (2.175), we obtain from (2.182) that

(SH()6,Q) = S(Z5Yo — Y5 Zoyn.n) = (SHG, O,
where

(= Yon = YoV L (t)C.

Due to the positive definiteness of SHy, the positive definiteness
of SH (t) follows from the above equations. This proves Lemma 2.56.
O

Remark. The representation H(t) = Z(t)Y ~1(t) may give an im-
pression that H(t) depends on initial factorization (2.176). However,
due to the uniqueness of the solution of the initial-value problem,
H(t) does not depend on factorization of Hy. Moreover, let (Zo, Yo)
be another factorization of Hy. Then, due to the linearity of initial-
value problem (2.172)

2(t) = Z(t)Yo, Y(t) =Y (t)Yp,

which obviously do not affect H(t).
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2.4.14. Later, in section 3.6, we need the following result.
Lemma 2.58 For any Gaussian beam

det(SH(t)) - |det Y (t)|? (2.183)
18 constant.

Proof. We use the well-known formula

1. (dy__\ 1d
5” (EY ) = §£ln[detY(t)], (2.184)

where ”tr” stands for the trace of matrix
m
trA =tr[A)7_) = Z Al
i=1
The differential equation for matrix function Y (¢) implies
dyY (t)

d — ¢
7 In (detY'(¢)) :tr(TY L)) =tr(BH(t) + C(t)H(t)). (2.185)

Thus, we see that

t
|detY (t)| = |detY (0)] exp{/0 tr(BY(r) + C(1)RH(7))dr}.

Analogously,
d - B dSH(t) _
%(ln (det(IH(t)))) = tr (T(\SH(t)) 1)
so that
d In (det(SH (¢ =
5 (0 (det(SH (1)) =

=—tr{(B(t)+RH(t)C(t))+SH(t)(B!(t) +C(t)RH (t))(SH(t)) *}
= —tr(B(t) + RH(t)C(t)) — tr(B'(t) + C(t)yRH (t)) =

= —2tr(B(t) + C(t)RH(t)),

where we use C* = C, (RH)! = RH, and trA = trA', tr(AB) =
tr(BA). Hence,

det(SH(t)) =det(SH(0)) exp{—2/0 tr(B(r) + C(1)RH(7))dT}.

Combining this formula with (2.185) we obtain formula (2.183). O
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2.4.15. % In the next two subsections, we will give an invariant
geometrical interpretation of the Riccati equation (2.162). Clearly,
we should use the tensor field G(t) instead of the matrix function
H(t) which is not a tensor. We see that, due to formula (2.134),
G(t) is also symmetric and its imaginary part is positive definite,

G'(t) = G(t), G >0. (2.186)

To formulate the analog of Lemma 2.56 for G(t) it is convenient
to consider

G=1,G, Gi=g*Gy. (2.187)

As G is a (1,1)-tensor field along the geodesic x(t), it can be consid-
ered an operator in Ty N. Introduce the operator C(t) in Ty N,

C(t) =1— Py(t), (2.188)
where P, is the one-dimensional projector,

Py(yw = (w,v(t)yv(t), weTyyN. (2.189)

We remind the reader that v(t) = 9 is the unit velocity vector of

dt
the geodesic x(t).

Exercise 2.59 Show that
1,C =C, (2.190)

where C' is given by formula (2.163), and in local coordinates we have
the representation

Ci = 8 — gy (1) (0). (2:191)

Introduce also the operator E% which is obtained from the curvature
operator R (see section 2.1.7),

Ry (t)yw = R(w,v)v, w € TypN. (2.192)
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2.4.16. %

Lemma 2.60 The (1,1)-tensor G(t) satisfy the covariant Riccati
equation

Dd—f +GCG+ R, =0. (2.193)
where
DG ~
W == VVG

Proof. Riccati equation (2.162) for H (t) implies the Riccati equation
for G(t)

dG

— TGOG+ (BG +GBY) + D =0, (2.194)
where
Bl = Bl +T%p.CH,
ot = LR gt ik, (2.195)
op;Opi

~ d
Dj = %(F;?lpk) + ngprcksrgzpn + (B;'C w+ BY % )Pr + Dji.

Here the matrices B, C, D, B , ﬁ, and the covector p are functions
of ¢, and the metric tensor g and the Christoffel symbols I}, are
evaluated in the point x(t).

The expressions for B and D can be transformed into

dx®(t)

BL(t) = Il (x(t)) s (2.196)
~ ~ l‘k "
Dj(t) = Rj(t) = Rjklr(x(t))d dt(t) a dt(t)’ (2.197)

where Rjj,(x) is the curvature tensor of the Riemannian manifold

(M, g),

orn ore
Rikir = gjn < 89;’“ — &Elf + L7 — Ffﬂ%) :
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In particular, (2.197) implies that R is a 2-covariant tensor field along
the geodesic x(t).

Using representations (2.196), (2.197) for B and D, Riccati equa-
tion (2.194) for G(t) can be rewritten as a covariant Riccati equation
for tensor field G(t),

DG

—p TGCG+ R=0. (2.198)
To write this equation for G instead of (G, we note that Ig}AZ = §7
and % = 0. Riccati equation (2.193) follows now from equation
(2.190).

Concluding our geometrical interpretation of Riccati equation
(2.162), we mention that the Riccati equation for G is a complexifi-
cation of the fundamental equation of Riemannian geometry for the
second fundamental form (see (2.20)).

2.4.17. Equations for the homogeneous polynomials 6;, [ > 3, are
obtained by considering the higher-order homogeneous polynomials
in the Taylor expansion of the function

(0:0)% — ¢'0;00,0 = (9,0)*> — h*(x,00), 90 = (010, ...,0m0).

The homogeneous term of order [ in this expansion depends on 6y,
with £ < I+1. However, as in section 2.4.10, the terms involving 6,1,
vanish along the bicharacteristic. The resulting differential equations
for the homogeneous polynomials 8;, [ > 3 are linear differential
equations,

00, ;001 5

where the right-hand sides 7; depend upon 60, 7 < I. The coefficients
N]Z: = N]Z-'(t) form an m x m matrix
4 0%h 0%h
Ni(t) = —
() Ox10p; " OpiOpy,

Hy; = (2.200)
— Bi(t) + C*(t)Hy(t) = [B' + CH',

where the matrices B and C' are defined by (2.163). Equations
(2.199) are not partial differential equations. They can be considered
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ordinary differential equations with respect to t for 6,(t), |y| = I.
Therefore, we can consider y a parameter that the coefficients of
these equations depend on. Thus, we can consider these equations
also for y € C™.

To simplify the analysis of equations (2.199), [ > 3, we introduce
new coordinates (¢,y),

t=t y=Y"(t)y, (2.201)
so that

— = _— — + [BtY Z1" 7 —. (2.202
g o at Yoy o +[BY +CZ);5 oy (2202)

Substitution of y of form (2.201) into this equation yields that

o _ 9 . ”a_a
o 8t+[B+CH] oy 8t+N 82,

(2.203)

where we make use of the factorization H(t) = Z(t)Y ~1(¢).
Let 6, (¥,1) be the representation of the polynomial 6;(y,t) in
coordinates (¥,%). Then equations (2.199) take the form

0 ~ ~
O =F, 1=34,.... 2.204
o =7 (2.204)

We can supplement this equation with initial data,

03,0, = Oy Dlco = ) = 0(y)- (2.205)

We recall that Y'(0) = I. With these initial conditions, the equations
(2.204) determine 0(y,t) for any ¢. Using transformation (2.201),
we find ;(y, t) for any ¢.

2.4.18.

Lemma 2.61 Let ©(x) be a smooth function near xo with Taylor’s
erpansion

Z@l—z @73’7 Yy = X — Xp.

>1 |'y|>1
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Let, in addition,

©1 = (po,y), Ipo| =1,

be real and
1
92 = Q(HOYQ’)’ S\$I{0 > 0.

Then, for any integer K > 1, there exists a function 0(x,t) =
Ok (x,t), which satisfies conditions (2.114), (2.115), and the esti-
mate

[(0:0)* — " (x)9;00;0| < Cx|x — x(t)|, (2.206)
where x(t) is the geodesic Yxq vy, Vo = IgPo.

Proof. Using (x0,po) as initial conditions in Lemma 2.51, we con-
struct (x(t),p(t)) and 0 (),

Having constructed the bicharacteristic (x(t), p(t)) and using Hy as
initial data in Lemma 2.56, we construct 6a(t),

0u(t) = 5 (H(D)y. ).

At last, using the procedure described in section 2.4.17 and taking
O, 3 <1< K —1 as initial data, we construct 6;(t).
The desired function 6k (x,t) is then given by the formula

K-1 K-1

Oty = S 00 = S —0,(0)(x—x®).  (2.207)

=1 yl=1

2.4.19. Having constructed the phase 6, we focus next on ampli-
tude functions u,(z,t). The analysis of the transport equations,

Loy — (0 = Dy + q)tn—1 < v, <0, (2.208)
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at x = x(t) is also based upon Taylor’s expansion. Near x = x(¢) of
the amplitudes u,, are represented as

un(xv t) = Z un,l(}’a t) = Z an,l(ya t)a

1>0 >0

where u,; and u,; are homogeneous polynomials of order [, [ =
0,1,..., with respect to y and y. Since the operator Ly,

Lou = 20,00pu — 2¢7'0;000u + (9} — Ag)0 - u,

is a first order linear differential operator, the homogeneous poly-
nomials of order [, [ > 0 in equation (2.208) depend only upon the
coefficients uy ; for £ <1+ 1. However, the same considerations as
in section 2.4.10 show that the terms involving wu, ;1 vanish along
the bicharacteristic.

We consider u,; as a function of ¢ with values in the space of
the homogeneous polynomials of order | with respect to y. Then the
resulting differential equations for w,,; take the form

d _ _ ~
£unyl(t) + (), (t) = Fra(t), n,l=0,1,.... (2.209)
The right-hand sides ﬁn’l(t) are homogeneous polynomials of order [

that depend on u,(t) and gk with & <142, r < n. The factor r(t)
in this equation is equal to

1
r(t) = _5(8:&2 - Ag)0|x=x(t)
and can be written also in the form

1 1d
r(t) = gtr(B' + CH) + 7= Ing(1). (2.210)

Using factorization H(t) = Z(t)Y ~1(¢) and the differential equation
(2.172) for Y (t), we see that

- T 1 (dy
2757“(3 +CH) = 2tr[(B Y+C2)Y ]—2tr<th .

By formula (2.184) we obtain

1, 1d
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Using this representation, we rewrite equation (2.209) in the form

4 ua(t) + (i% 1n[<det<Y<t>>2g<t>]) Toa(t) = Fup(t). (2.211)

The solutions to these equation are given by the formula

t
Up,1(t) = o(t) | wna(0 +/g Ndt'|, (2.212)
0

where u,,;(0) are initial data and

detY (0) ,/g(0)
t) = ——=4/ ==. 2.213
olt) \/detY(t) \/g(t) (2:213)
In the future, we are specially interested in the behaviour of Gaussian
beams on the corresponding path p : x = x(t). Moreover, it is suffi-

cient for our purposes to analyze only the main terms ug(x(t),t) =
u0,0(t) and w1 (x(t),t) = u1,0(t). Since Fop =0,

ﬂoyo(t) == 170’0 (O)Q(t). (2.214)

Considering equation (2.211) at y = 0, we see that

Fio=—= (gi Ay +q(x ))

- —%q(x(t))ﬂo o(t) +~7:0 o(t)-

The term ﬁ&o(t) depends on g, (t), @o,1(t), wo2(t) but does not
depend on ¢. Putting together (2.212), (2.215) and (2.214) we see
that

t
U1 o(t = ——U()() /q dt —I—ul 0( ) (2.216)
0

The integration in this formula is, in fact, the integration along the
geodesic Yxg,vo, Vo = IyPo. The function ﬁ%,o(t) depends on ug 0,u0,1,
Up,2, P, and Y, but not q.
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2.4.20.

Theorem 2.62 Consider wave equation (2.60) on a compact man-
ifold (N, g). Let O(x), U,(x), n=0,...,N, be smooth complex val-
ued functions given in a neighborhood V.C N of point xg. Assume
that © and Uy satisfy the following conditions

i) ©(x¢) =0,

ii) IO(x) > cd®(x,%q), ¢ >0,

iii) d®(x0) = po, |[polg =1,

iv) Up(xg) # 0.

Let v = vxovo be the geodesic on N where vo = Igpo. Let for any
T >0, (y(t),t) be the corresponding trajectory in N x R, t € [0,T].

Then there exist smooth complex-valued functions 0(x,t), wu,(x,t),
n=20,...,N, in a neighborhood W of this trajectory such that

i) 0(x(t),t) =0,

i) SO(x,t) > cd?(x,x(t)),

i) dy0(x(t), ) = p(t), [P(t)lg = 1,

i) uo(x(t),t) # 0.

Then the function UN (x,t), (x,t) € W,

N
UN(x,t) = M exp {—(ie) '0(x, )} Y un(x,t)(i€)",

n=0
s a formal Gaussian beam in W such that
v) ForxeV' cV,xoeV,

N
UN (x,0) — M, exp {—(ie) O(x)} 3 U (x)(ic)"| < CNH,

n=0
vi) (02 — Ay + q)UN| < CM eV for (x,t) € W.

2.4.21. Proof. Step 1. If T is sufficiently small so that vy, v, :
[0,7] — N lies in a coordinate chart (U, X), the statement of the
Theorem follows immediately from Lemma 2.61 and considerations
of sections 2.4.17-2.4.19. Indeed, we just take

Q(X,t) = Z Gl(t)a

1<2(N+2)
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and

Un(x, ) = D un(t)

1<2(N+1—n)

where 6;(t) and u,(t) are polynomials of x — x(t).

Step 2. In the general case, our considerations are valid for ¢ €
(=d,t1 +6) in a coordinate chart (Uy), X(1)). As a result, we obtain
a formal Gaussian beam U 5{1) with the corresponding phase function
0(1) and amplitude functions u,). Let (U(z), X(2)) be another coor-
dinate chart near x(t1). We use 01)(x,t1) and wu,1)(x,?1) as initial
data to construct a formal Gaussian beam Uejé) fort € (t1 —6,t2+9)
in the coordinate chart (U(g), X (2)). Thus U 61272) is determined by the
phase function 63y and amplitude functions u,, ().

When x(t) € U1y N Uy, then Taylor’s expansions of 6y and 6,5,
coincide up to the order 2(/V + 2) near x = x(¢). Similarly, Taylor’s
expansions Uy (1), Uy(2) coincide up to the order 2(N+1—n). Hence,

U (6, 1) = Ul (. 1)] < OV, (2.217)

0T (x,6) = Ul ()] < CENFI2
Step 3. For any 1" > 0 we need only a finite number J of coordinate
charts to cover the geodesic yx, v, : [0,7] — N. Hence, we can use
the procedure described in step 2 to construct U2, (1) U ]{ J): ( )
defined on the time interval (¢;_1—6,t;+0), to = 0, tJ =T. Let x;(t)
j =1,...,J, be a partition of unity, x;(t) € C*®(tj—1 — 6,t; + 9),
Z}]:l Xj(t) =1, for t € [0,7]. Then function

ZXJ e(j) X, t)

is well defined in a neighborhood W of the trajectory (v(t),t), t €
[0,7]. Inequality (2.217) and the fact that U gj) are locally formal

Gaussian beams imply that UM (x,t) is a formal Gaussian beam in
the set W. ad
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2.4.22.

Corollary 2.63 Let UN (x,t) be a formal Gaussian beam constructed
in Theorem 2.62. Then, for any j > 0 and multi-indezx o, |a|+j < N

0027 — Ay + QU] < Cjo M N1,

Proof. The statement follows from equation (2.117) and Lemma
2.49 if we take into account that v, (x,t) are smooth functions satis-

fying
[on(x,8)] < Cd(x,x(5) 2N+,

2.4.23.

Theorem 2.64 Let O(x) and U, (x), n=0,..., N, be defined as in
Theorem 2.62. Then there is a solution u¢(x,t) of the equation

(0} — Ay + qQ)uc(x,t) =0, (x,t) €[0,T] x N, (2.218)
such that, for any j > 0 and multi-indez «,
18 0% (ue(x, 1) — x(x, ) UN (x,1))| < OM N0+ (2.219)

Here UN(x,t) is the formal Gaussian beam of Theorem 2.62 and
X is a smooth cut-off function, x = 1 near the trajectory (y(t),t),
t e [0,7].

Proof. The proof follows from Theorem 2.45 in view of Theorem
2.62 and Corollary 2.63. O

Definition 2.65 A Gaussian beam of order N is a function u(x,t)
satisfying conditions (2.218) and (2.219).

We note that the solution of the initial-value problem

(07 — Ay +qu=0, (x,t)€[0,T]xAN,

u(x,t)]imo = UN (x,t)|1=0, Opu(x,t)|i=0 = UL (t,%)|i=0

defines a Gaussian beam u = u(x, ).
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2.4.24. The reader might wonder why, dealing with the second-
order wave equation, we use only one initial condition for UM (x,0).

UN’tO—Mexp{ ie) 'O (x }ZU

The answer to the question lies in the observation that these data
generate two Gaussian beams that correspond to w > 0 and w < 0.
Because in the construction of the Gaussian beam, we require that
there be one path x = x(t) such that the solution is at any time
localized near x(t), this requirement forces us to choose one of these
beams.

2.5. Carleman estimates and unique continua-
tion

In this section we will present a local Holmgren-John unique con-
tinuation theorem, which will later play a crucial role in proving
necessary controllability results.

2.5.1. We consider a solution u = u(x, t) of the hyperbolic equation
P(x, D)u = d}u + a(x, D)u = 0 in U’ x (—4,9), (2.220)

where U’ C N is an open set on a manifold V. Because in this
section we consider local results, U’ can be taken as a chart of local
coordinates. Hence, we can assume that U’ = B C R™, where Bj
is the ball of radius § with centre at 0" and study equation (2.220)
in R™ x R. We also consider the time- and space-variables simulta-
neously, and introduce the coordinates

y=(xt) = y") e R™™ ¥y =(y'....y"),

We will use the index ’ for the objects that lie in R™, writing, e.g.,
0’, B}, and not use this index when we deal with objects in R™*!,
writing, e.g., 0, Bs, etc. ~We denote the operator P(x, D) in these
coordinates by P(y, D). Our goal is to show that, if a solution u
of wave equation (2.220) vanishes on one side of a non-characteristic
surface I, i.e.,

supp (u) C {y : ¥(y) <0}, (2.221)
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where

T ={y: %(y) =0} (2.222)

then u vanishes near I' and, in particular, supp (u) NT = (.

2.5.2. As in section 2.2,
a(x, D) = —a?*(x)9;0, + bV (x)9; + c(x), (2.223)
where
D= (D',Dy) = (D1,...,Dm,Dy), Dy= —i0n, a=0,1,...,m,

and we denote by Greek indices, o, 8 =0, 1,...,m, the indices that
correspond to y, and by Latin indices, j,k =1,...,m, those that
correspond to y' = x. The matrix [a/¥(x)] is a real, symmetric,
positive definite matrix. As we know from sections 2.2.1-2.2.3, [a/¥]
determines a Riemannian metric g on NV. In y-coordinates, we write
P(y,D) = P(y',D) as a sum of the leading, second-order terms
p(y’, D) and the lower-order terms Pi(y’, D). In terms of symbols,
P(y,&) =p(y,§) + Pi(y,§), where

p(y. &) = =& + a*(y')¢;, (2.224)

and

Pi(y.€) =it/ (y")& + c(y").

Remember that, by definition, a surface I' is non-characteristic at a
point y on I, if

p(y,v) # 0.

Here v = (V/,2°) = (v%,...,v™, 1Y) is a normal vector to I' with
respect to the metric gijdmidxj +dt? on N x R, where dt? is the
canonical Euclidean metric of R.

The main result of this section is:

Theorem 2.66 (Tataru) Assume that a’*, b/, ¢ € C>°(Bj) and
that [a*(x)] is a real, symmetric, positive definite matrir. Assume,
in addition, that the surface I' € Bs is mon-characteristic. Then if
u € HY(Bs) is a solution of wave equation (2.220), which is equal to
0 on one side of T', i.e., (2.221) is satisfied, then supp (u) N T = (.
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2.5.3. We will prove Theorem 2.66 for a general elliptic operator of
form (2.223). However, for our purposes, it is sufficient to consider
the special case a(x, D) = —Ay+q, where A, is the Laplace-Beltrami
operator (see (2.56)).

2.5.4. % The proof of Theorem 2.66 is rather long and it will be
given in a series of lemmas. Besides the formal proofs of the state-
ments, we will try to explain the ideas behind these proofs.

We start with the following observation. Let v and ¢ be smooth
real valued functions such that, for any 7 > 79 > 0,

/ W |u(y) 2y < C,

where C' does not depend on 7. Then, clearly, supp (v) C {y :
¢(y) < 0}. We are going to prove a generalization of this statement.
We start with some definitions.

Let O be a point on I'; O € T', and assume that coordinates are
chosen so that y(O) = 0 and (y',...,y™) are normal coordinates
near 0/ with respect to the metric ¢ = a*. Moreover, we assume
that y™-unit vector is normal to I' N {y® = 0} at 0. We denote

y=u"4") ="y ")

and use the corresponding notations for the Fourier variable & =

(flv 50) = (5”7 Ems 50)

Let again ¢ € C>®°(R™T!) be a real valued function. We define
the operator,

Q% u = exp (-%Dg) € *Ou(y)), er>0,  (2.225)

where the operator exp(—5=Dj) is determined in terms of the Fourier
transform,

1 .0 €
_ 1y~ &o _C 2 /
/Re eXp( 2T£o>fow(y ,€0) déo-

:277

Fouly', &) = /R S u(y’, %)y

is the Fourier transform with respect to the y’-variable. Similarly,
we denote by F the Fourier transform with respect to all variables.
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2.5.5. %

Lemma 2.67 Let u € L4(R™T!), where L% is the space of L*-
Sfunctions with compact support. Let € > 0. Assume that

for T > 19 > 0, where C is independent of 7. Then supp (u) C {y :

#(y) < 0}.

Proof. Let f be a function in R™*! such that its Fourier trans-
form Ff is a compactly supported smooth function. Introduce a
distribution h = ¢.(fu) by the formula,

(h,9) 2y = (fu, ¢ 9) L2mm+1y, g € C3°(R), (2.226)

where ¢* is the pull-back operator given by formula (2.4). In particu-
lar, this implies that supp (h) C ¢(supp (u)) is compact. Therefore,
formula (2.226) can be generalized to g € C*°(R) and, for any 7 € C,
the Fourier transform h(7) of h is given by

h(r) = (fu,e'™?) = (u, f'?).

It is then clear that |B(T)| is uniformly bounded for 7 € R. Moreover,
since F f € C5°(R™T!) is compactly supported, then, for any 7 > 1,

R(iT)| = [(ue™, F)| = |(F(ue™®), F )| =
= [(e=60/2" F(ue™®), e/ 2T F )| = [(F(QE,u), e/ F )| <

< Q2 ul|le T FF| < C. (2.227)
On the other hand, u € L(R™*!) and f is a smooth function. Thus
by applying formula (2.226) with g € C§°(R), g(s) = €™ in supp (h)
we see that

(h(7)| < Cecl, (2.228)

for any complex 7 € C. We use the following Phragmén-Lindel6f
principle:
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Theorem 2.68 Let S C C be a sector of an opening 7 and let an
analytic function h(t) be bounded on 0S. If, in the interior of S,

(h(7)| < C"exp(c|r]™), o <a, (2.229)
then h is bounded in S.

In our case, we actually have two sectors S; and Sa, being, respec-
tively, the first and the second quadrants of the complex plane, so
that a = 2. Conditions (2.228) and (2.227) together with the uni-
form boundedness of h(7) for 7 € R show that h(7) satisfies estimate
(2.229) with o/ = 1. Hence, it follows from the Phragmén-Lindeldf
principle that h is a bounded function in the upper half plane. Thus,
by the Paley-Wiener theorem, supp (h) C R_. Therefore, we have
proven that, for any g € C§°(R4),

/Rm+1 fu(¢*g)dy = /Rh(s)@ds —o.

Because the set of functions f with compactly supported F f is dense
in L2(R™*1), we see that g(¢(y))u(y) = 0. At last, choosing g such
that g = 1 on any closed interval I C R, we see that u(y) = 0 when

Y(y) > 0. O

2.5.6. % Our further considerations are based on the following idea.
Consider a solution u(y) of equation (2.220) in a vicinity of the point
0 eI If 6 > 0 is sufficiently small, we will construct a second-order
polynomial ¢(y), which satisfies the following conditions,

supp (u) C{y : ¥(y) <0} C{y: ¢(y) <0}
in Bs, and 0 is the only point that lies on both surfaces ¢ = 0 and
Y =0, ie.,

{y :o(y) =0} n{y : ¥(y) = 0} = {0}.
We will prove then that there are constants C, ¢ > 0, such that
1Q2-(xw)[l < Ce™T [ulx, (2.230)

where x € C§°(Bs) is a cut-off function, which is equal to 1 near the
point 0. We remind the reader that ||ul|; is the norm of u in H*(Bs).
Combining estimate (2.230) with Lemma 2.67, we obtain that

supp (xu) C{y: ¢(y) < —¢}
(see Fig. 2.11). Because x(0) = 1 this implies that 0 ¢ supp (u).
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Figure 2.11: Pseudo-convex surfaces and the support of U

supp U

2.5.7. % We remind the reader that, due to the choice of coordi-
nates,

g”(0)=4", T}(0)=0,
and
d(0) = (0,...,0,0,1(0),002(0)), d=(01...,0m,0).
Hence, in these coordinates,
a’(0) =6, 9a"(0)=0.
The fact that I' is not characteristic at 0 means that
(90%(0))* — (9m1(0))* # 0.

Next, we use the function v to define a function z:bv,

D(y) = 901(0)y° + e (0)y™ — ply|?, (2.231)

© 2001 by Chapman & Hall/CRC



where p > 0 is sufficiently large so that, in the vicinity of 0,

By) <¥ly) if y #0. (2.232)

Obviously,

¥(0) =1(0) =0, (2.233)

and, decreasing J if necessary, we see that

supp (u) C {y : ¥(y) <0}uU{0} (2.234)

in Bs (see Fig. 2.11).
Next, we will introduce a second-order polynomial ¢, which sat-
isfies conditions (2.233) and (2.234) and is appropriate for estimate

(2.230). To this end, we will look for a polynomial ¢(y), such that
the condition

{p(y,§ +irdo(y)), p(y, € +itdp(y))}

8iT

>0 (2.235)
y=0

is satisfied, whenever
& =0, p(0,§+irdp(0))=0, 7>0. (2.236)

Here d¢ is the differential of ¢ defined in section 2.1.3 and {-,-} is
the Poisson brackets given by

{p1,p2} = Oyap1- O¢,p2 — O¢,p1- Oyapa. (2.237)

2.5.8. %

Definition 2.69 A function ¢(y), which satisfies condition (2.235)
on set (2.256), is pseudo-convex with respect to p(y,&) at the point
0.

2.5.9. % The pseudo-convexity conditions (2.235), (2.236) involve
d¢(0) and the Hessian Hy(0),

Hy(0) = [0a03¢(0)]a,p=0,1,....m-
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Simple calculations show that

{p(y. € +irdg(y)), p(y. € + irdp(y))}/8it|,_o =
—{Rp(y, & +irdd(y), Sp(y, € +irdd(y)} /4r|,_o = (2.238)

= (JHy(0)J€,€) + 7%(JHy(0)Jd6(0), dd(0)) =TIy (€, 7),
where
J =diag{1,...,1,—-1}
and (-,-) is the usual inner product in R™*1,

2.5.10. %

Exercise 2.70 Prove equation (2.238).

2.5.11. % To analyze pseudo-convexity conditions (2.235), (2.236),
we need to distinguish between two cases.
When the surface ¢(y) = 0 is space-like at y = 0, i.e.

o = (Jd¢(0), dp(0)) < 0, (2.239)

the pseudo-convexity conditions are void. Indeed, the set of points
defined by (2.236) is empty.

Therefore, we need to consider only the case when the surface
¢(y) is time-like at y = 0, i.e.

o = (Jd¢(0), dp(0)) > 0. (2.240)

When ¢ and 7 satisfy (2.236), we see that 72 = |£|? /. Introduce the
notations,

n = (JHy(0)Jdg(0),de(0)) (2.241)
and

IL4(€) = Uy(&.7), 72 = [¢]*/o. (2.242)
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Then, the condition (2.235), considered on the set (2.236), becomes
the inequality,

Ifl2

(&) = (JHy(0)JE, €) + > col€]?, (2.243)
which should be valid for all

The pseudo-convexity conditions, written in form (2.243)-(2.244),
mean that the surface I14(€) = 1, € = (£7,0,0), is actually an (m—2)-
dimensional ellipsoid in variables £”. It is the convexity of this surface

that explains the term pseudo-convexity.

At last, let
—  min  (JHy(0)JE,€). 2.245
7= ol 078 (2:200)
Then, in terms of o, 1, and v the pseudo-convexity condition can be
rewritten as
v+ 75 0. (2.246)
o

2.5.12. % To construct the polynomial ¢, we start with a function
qﬁ qb A¢+A2w2 where A > 0. We are going to choose A so large that
¢ satisfies pseudo-convexity condition (2.243) when § = (¢”,0,0). By
direct calculations,

T5() = A5 (&) + 2X°[¢"*(Jdi(0), ds(0)). (2.247)
Exercise 2.71 Prove formula (2.247).

As T is time-like at y = 0 and, due to (2.231), dip(0) = diy(0), then
(Jd(0),d(0)) > 0. Hence, it is possible to choose A > 0 large
enough to obtain that

H&;(E) > CO|£|23 §= (5”7070)7

for some ¢y > 0. Obviously, in a sufficiently small neighborhood of
0, the surface ¢(y) = 0 coincides with the surface ¥(y) = 0, and
g(y) < 0 if and only if J(y) < 0. This implies, in particular, that,
decreasing if necessary 9,

supp (u) C {y : ¢(y) < 0} U{0} (2.248)
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in Bg.
We will now construct a second-order polynomial ¢(y) from ¢(y)
by using the second-order Taylor approximation of ¢(y). We define

dy) = 55“5(0)?%’ —ply?, m>0. (2.249)
laj<2 7

When g is small enough,
¢
My(€) > FIEf* for &= (¢".0,0), (2.250)
and, decreasing if necessary 0, we see that ¢(y) < g(y) in By.

2.5.13. % Hence, we have proven the following lemma.

Lemma 2.72 Let supp u C {y : ¥(y) < 0} and assume that 0 is
a non-characteristic point of I'. Then, for sufficiently small §, there

exists a pseudo-convex second-order polynomial ¢(y), $(0) = 0, such
that

supp u C {y : ¢(y) < 0} U {0} (2.251)
in Bs.

If T' is space-like, then any second-order polynomial that satisfies
(2.248), is appropriate. Assume now that ¢ is pseudo-convex with
respect to p(y, £). If we make a sufficiently small Cl-perturbation of
the coefficients of p(y, £), then ¢ remains pseudo-convex with respect
to this new symbol. Thus, we obtain the following corollary.

Corollary 2.73 Let ¢(y) be a pseudo-convex polynomial of Lemma
2.72. Then, for sufficiently small |e|, ¢(y) is also pseudo-convex with
respect to the symbol p(y,& — eHy(0)(0,...,0,&)).

2.5.14. % Our next goal is to prove estimate (2.230) with the func-
tion ¢(y) constructed in the previous section. To this end, we will
first show that

1Q2 vll(1,r) < erV2QE Ply, D)v|| + ce™T[[€™v]|1,7), (2:252)
for any v € HY(R™*!), supp (v) € Bs. Here

[0l = lldvl* + 72||v]?, (2.253)

© 2001 by Chapman & Hall/CRC



and Q% is determined in (2.225). The proof of inequality (2.252) is
also given in a series of lemmas.
In what follows, we use the notation

P(y,D,T) = P(y, D + iTd®). (2.254)
Then
e™®P(y,D)v = P(y,D,7)w, w=e %v. (2.255)
Exercise 2.74 Prove formula (2.255).
Next we write P(y, D + itd¢) in the form
P(y,D +ird¢) = p(y,D, 1) + Pi(y, D, 7). (2.256)
where Py (y, D, ) is a first order operator respect of D and 7 and
p(y, D7) = pr(y, D, 7) +ipi(y, D, ).
Here pg, pr are given by formulae
pr(y. D, 7)w = Ogw — 72(Jude, dg)w, (2.257)
pr(y, D.m)w = 7((Jad$, D) + (D, Jod¢))w,
and
O,=-D3+ i D;a’* Dy,

k=1

(Ja€,¢) = —CoCo + Y a?*¢;¢, (2.258)

dk=1
and, for B = (B!,...,B™ BY),

(B.D)u=—iY B%hu, (D,Bu=—i» 09(B"u).
a=0 a=0

Operators pr and py are formally self-adjoint and P;(y, D, 7) con-
tains only terms of order 0 and 1 with respect to (D, 7). This makes
it possible to treat the term Pi(y, D, T) as a perturbation.
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2.5.15. %

Lemma 2.75 Let ¢ be a pseudo-convexr second-order polynomial at
0. Then, there exist C >0, § > 0, and 19 > 0, such that

|p(y, D, m)w|?
T

lwlfy <C + || Dyw|? (2.259)

for w e C§°(Bs), and T > 1.

Remark. Estimate (2.259) is closely related to the Garding inequal-
ity. However, the operator p(y, D) in (2.259) is not elliptic. This
necessitates the use of an auxiliary parameter 7.

2.5.16. % Proof. To prove estimate (2.259), we will show that

D, 2 D 2
Ip(y. D.Dywl? o, lpCy, Do r)wll®

2
il .y < €1 =

+Cs]| Dow|?, (2.260)
when 7 is large enough. We have that
Ip(y, D, m)w[* = |lprw|? + [lprwl® + (ilpr, prlw, w), (2.261)

where [pr,pr| = prpr — prpr is the commutator of the operators
pr(y,D.7) and pi(y, D, 7).

2.5.17. % We start our considerations by analysis of the last term,
(i[pr, pr]w,w), in the right-hand side of (2.261). We approximate pg
and p; with p% and p?,

P = (JD, D) — 2 ((Jd¢<o>, 06(0)) + 2(TH,(0)y. d¢<o>>),

p) = 27(Jd¢, D) = 27(Jd¢(0), D) + 27(JHy(0)y, D). (2.262)

To analyze the difference pr— 100R and py— p?, we introduce the classes
O]

of operators R;’, where k,l are non-negative integers. The class

R,(f) consists of the operators of order k& with respect to (D, 7). The
coefficients of these operators are smooth functions of order O(|y|")
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near y = 0, which means that their Taylor expansions start with the
terms of homogeneity [. Later, we will use these classes to estimate
terms of the form (Rw,w), R € R,(Cl).

In this notations,

(0]
PR, PR € Réo), %, % € R§°>, (2.263)
_ 0
pr ke RY, @ e RP +RY. (2.264)

Direct calculations show that
iR, pY] = 4714(D, ) + 7° Ry, (2.265)

where Ry € R(()l). Then, the remainder term 73Ry in formula (2.265)
can be estimated as

3| Row, w)| < e¢d7°||w]|?, (2.266)
when supp (w) C By.

Exercise 2.76 Prove formula (2.265) and find the remainder Ry.

As
0
p
[pRva} - [p(I)Z7p?] =T (|:pR *p(]]g, %} + |:p%7 % - ?I:|> ) (2267>
it follows from (2.263), (2.264), that

pr.pr] — [P%. P = 7(R1 + Ry), RieR, Rye RV,

Indeed, the commutators of the operators in the right-hand side
of (2.267) contain derivatives of the coefficients of these operators.
Each differentiation of coefficients decreases the order of the result-
ing operator by 1. On the other hand, differentiation of a function
of order O(|y|"), I > 1, produces a function of order O(]y|"~1). Re-
turning to the expression in the right-hand side of (2.267) and taking
into account (2.263)—(2.264), we see that, when we differentiate co-
efficients only once, we obtain an operator of order 2 with respect to

(D, 1) with coefficients of order O(]y|), i.e. an operator from Rgl).

© 2001 by Chapman & Hall/CRC



When we differentiate coefficients twice, we obtain an operator from

(0)
Rl .

Consider the term (Rjw,w). Since Ry € Rgo),
[(Riw, w)| < (7 ||w]® + [|dwl]w]), 7> 1.

Here, the first term in the right-hand side is due to the terms in R;
of order 1 with respect to 7 and of order 0 with respect to D, while
the second term is due to the terms of order 0 with respect to 7 and
of order 1 with respect to D. Possible terms of order 0 with respect

to (D, ) are included in 7|jw||?, since 7 > 1.
At last, by means of the Cauchy-Schwartz inequality,

1
2[|w| [[dw]| < ;Ildwll2 + 7w,
we see that

1 C
(Ruw,u)| < € (ol + 2dol?) < Culf,,. (2208)

If we take into account that supp (w) C By, i.e. |y| < ¢d, then, by
similar considerations, we obtain that

[(Row, w)| < CO(||dw|* + 72 w]*) + Cllwl|[|dw]] < (2.269)

1 2
< — .
< C6+ Dl
Combining (2.268) and (2.269), we see that
1
|(([pr, p1] = [PR, PP w, w)| < C7 <6 + ;> lwlf . (2:270)

Finally, we need also a rough estimate for the commutator [pg, pr].
Using (2.263), we see that

’ (PR, prlw, w) ‘ < erllwl|fy - (2.271)
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2.5.18. % To analyze ||prw||? in formula (2.261), we use the operator
p§ of the form

6 = 27(Jde(0), D). (2.272)

This operator is obtained from p; by freezing coefficients at y = 0
and keeping only the terms of order 2 with respect to (D, 7). We
remind the reader that

dp(0) = (0,...0,0,¢(0),906(0)),  (9md(0))* — (9pe(0))* # 0.
Then

(pr — p§)w prw psw (pr — pHHw
|pfw||2—||p§w|2—rg<< pw prw\ | /e (pro e

T T T T

where
m ey, Mt e
-

Estimates similar to those that yield formula (2.268) show that

1
Iorol? = Ipgell| < e (42}l 227
2.5.19. % To estimate
1 2 1 2 2
L Ipmwl? = 510w = 72(Juds. doyu (2.275)

in formula (2.261), we start with the representation,

1 1
gl\prH? — §||Daw|\2 —OR(Ow, (Jodo, dp)w)+  (2.276)

+72)(Jado, dop)w||?.

Next, we consider the homogeneous terms of order 2 with respect
to (D, 7) in the second and third members in the right-hand side of
(2.276). Freezing coefficients at y = 0 and integrating by parts in
(Oew, (Judo, dé)w), we obtain that

1 1
ﬁHprH2 = ﬁHDawIIQ — 20(JDw, Dw)+
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+720%||w|]? + ((R3 + Ry)w, w), (2.277)
where
Ry eRY, RyerY, (2.278)

so that
1
(ot Rgww) <e(o42) ol (2279

2.5.20. % After these technical preparations, we are ready to prove
the fundamental estimate (2.260). The cases of the time-like and
space-like surfaces ¢(y) = 0 are different, and will be considered
separately.

2.5.21. % The case of the time-like surface is more difficult and is
considered first. We will use a number of constants C7, Cq, etc. and a
generic constant cg, which depends on C1,Co, ..., but not on 7 or 4.
In the proof, we will impose different conditions on these constants.
Appropriate values of these constants are chosen at the end of the
proof.

It follows from (2.261) that, for p = p(y, D, 1),

2 2
w w

5 — + Cs|dow]|? >
T T

PR, Prlw,w w|? wl|?
> Cl< [pR pI] > + Oy (|pR2 || + ||p12 H > —|—03H801UH2+
T T T

(i[pr, priw, w) >

C
+C2 2 2

(2.280)

[0aw||? — 2072(J Dw, Dw)
T2 +

Z 401 <H¢(D, T)w, w) + C4<

Ipgwll?
T2

+ C3H30w||2 + <R5w7 ’U)>,

+027'2Hw||2> + Oy
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where (' is a constant which satisfies inequality Cy < C5. The
remainder term (Rsw,w) is a sum of the remainder terms described
in sections 2.5.17-2.5.19 and the term Cq(i[pg, prjw, w) /2.

Combining estimates, which are similar to (2.268), with (2.271),
we obtain that

1
|(Rsw, w)| < co (5 + ;) [, (2.281)

2.5.22. % Denote by I; the expression

Ipgwl®
T2

I =0Cy +03||<90w||2 =

= 4C5||80$(0) dyw — 9 (0) dpyw|* + C || dow]|?.
Since 0,,¢(0) # 0, there is a constant C5 > 0, such that
Cs < min {4Co|tdop(0) — 89,,0(0)|* + C5t*},  (2.282)
so that
Iy 2 Cs([|omwl||* + || 0wl ]?). (2.283)
2.5.23. % Denote by Cg the constant, Cs = 4C1/Cy and let I

contains the members in the right-hand side of (2.280), which do not
appear in I; and (Rsw,w),

Ir =Cy <CG<JH¢(0)JDUJ, Dw) + 067'277||UJH2+

[Daw]|?

+ 2

55— — 20(JDw, Dw) + 0272||w||2>, (2.284)
where we have used definition (2.242) of I14(D, 7). To analyze the
term (JHy(0)JDw, Dw), we take into account that it contains a
term (JHg4(0)JD"w, D"w), where D" is interpreted as (D”,0,0),
and some other terms, which contain either second-order derivatives
with respect to (y°, ™) or mixed derivatives with respect to (y°,y™)
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and y”. Using the Cauchy-Schwartz inequality for the terms with
mixed derivatives, we obtain that

(JH(0)J Dw, Dw) > (JH(0)JD"w, D"w)—

—€||D"w|* — Ke(|| Dow|® + | Drw|?), (2.285)
where € > 0 is arbitrary. Since, by definition (2.245),

(JHy(0)JE",€") > ~[€"?,

we come to the inequality

I,>Cy (06(7 — )| D"w||? + 72| Dwl* — 20 (J Dw, Dw)+

Ho + Can)r?ful? — Kol Dol + | D) ) =

=Cy <7'_2||[|:|a —72(0 — % + Nwl||? + (20 — Cgy + 22\ (Hqw, w)

472 [02 + Cen — (6 — Cey/2+ /\)2] |w|? — 20(JDw, Dw)+

+Cs(y — €)D" wl|* — Ke(|| Dow|® + IIme||2)>, (2.286)

where A > 0 is arbitrary. To proceed further, we will consider differ-
ent members in the right-hand side of (2.286). We can write

(ew,w) = (JDw, Dw) + (Rw, w), (2.287)
where R € 'Rg) + T\’,gl), so that
1
(R, u)| < o (074 7 ) ol (2.289)
Therefore,

12 > G (- Car-+ 2D, D) + ity — D+
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+72 [Ce(n+o7) — (Cev/2)? — A2 — 20\ + CeyA| [|w]|>—

—Ko([| Dowl + | Dmw]|?) — (3 + T—1>||w||%1,ﬂ)- (2.289)
Because
(JDw, Dw) = ||D"w|]* + || Dpwl|* — || Dow|?, (2.290)

we have

I > 04(<2A — Cs0)|D"w|]* = KL(| Dow|® + | Dw]*)+
+72 [Co(n + o) — (Civ/2) — N — 20X+ Cer ] [lw]~

o6+ T—1>||w||%1,7>) ~ L. (2.201)

where K! = K. + Cg|y| + 2X. Since T is a time-like surface, o > 0,
so that pseudo-convexity condition (2.246) implies that n + oy > 0.
Choose Cg < 2(n + av)/7?. Then, for sufficiently small A and ¢ <
A/C’Gv

Iy > Cyer (| D"wl|? + 72 w]®) - (2.292)

~CuK{(| Dow|? + | Dwl®) = Caco(8 + 771 [wlf?y ),

with some constant ¢; > 0 depending on Cg and .

2.5.24. % Combining equations (2.281), (2.283), (2.291) and (2.292)
of sections 2.5.21-2.5.23, we obtain from (2.280) that

2 2
w w

7~ + Csl| Dow|* >
T T

> Cacr (|| D"w]]? + 7|w]|?) — Cal( (| Dowl|? + || Dmw )+

+C5(| Dow|® + | Dmw||?) = co(8 + 7Y [wlffy - (2.293)
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Now we are ready to complete the proof in the time-like case. First,
we choose Cg, A, € as above, so that inequality (2.292) is satisfied.
These parameters determine also ¢;. Next, we choose large parame-
ters Cy and then Cj5, such that the right-hand side of (2.293) is more
than (2—co(6+771)) ||w|\%1ﬁ). Therefore, the parameter C7 = 4C4Cy
is also determined. Finally, we choose parameters Co > Cy and Cl,
so that (2.282) is valid.

At last, taking ¢ sufficiently small and 7 sufficiently large, we see
that
pwl®

2
w
C1||p ” + (s | =
T

+ Cs||Dow|]* > [lwlF

for 7 > 79. This yields the desired inequality (2.260), when the
surface {y : ¢(y) = 0} is time-like.

2.5.25. % When the surface {y : ¢(y) = 0} is space-like, the proof
is easier. It is based on the inequalities,

I = Hp[ || 1Oy ||8()UJH2 > 05”8()’[1)”27
and

HprH2 > D 2 2 2 KID 2 2.994
— 2 2 allDw|” + 77wl%) — K Dowl|%, (2.294)

which is valid for the space-like surfaces when 7 is sufficiently large.
We would like to point out that, if 9,,¢(0) # 0, then stronger
inequality (2.283) is valid for I.

Exercise 2.77 Prove inequality (2.294) in the case of space-like sur-
face and derive that, for some C1,Cy > 0,

pw
ku?m < ” H + Cy|| Dow]|?. (2.295)

This completes the proof of Lemma 2.75. O

2.5.26. % To proceed further with the proof of Carleman estimate
(2.252), we need some lemmas about the operator Q?,T. The idea
is to use the pseudo-convexity and smoothing property in the y°-
direction of the operator Q?T. We start with some one-dimensional
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estimates in the y%-space. Let x € C§°(R), 0 < x(y") < 1, be a cut-
off function, such that x(y°) = 1 for |y°| < 1 and supp (x) C (—2,2).
For 0 < k < 1, we define

Xe(y?) = x(W°/K), X =1 X (2.296)

Lemma 2.78 Let ¢,k > 0. Then, for any sufficiently large T and
any w € CF(R),

[(eDo/7) exp(—eD3/2r)w| <

< 26 [|exp(—eDg/2m)w]| + exp(—7°/46) [w] 1,7

Proof. Since |e£o/7| < 2k when y,(eo/T) # 0, the Plancherel
theorem implies that

H(EDO/T) Xr(€Do/T) eXp(—eD%/QT)wH <

< 2k |lexp(—eDg /27)w|| . (2.297)
Here
Xx(€Do/T)u = f(;l (xx (€£0/T) Fou)

is the cut-off operator in the Fourier variable.
Next we will show that, for large 7,

|(eDo/7)Xx(€ Do/7) exp(—eDg/2r)w]| <

< exp(—7k? /4e) [|wl|(1,7)- (2.298)
By the Plancherel theorem, this inequality is equivalent to
€60 & - €& TK?
<0 Xx (e€0/7) (65 + 77712 <exp o 1A (2.299)
T 2T 4e

The left-hand side of (2.299) vanishes if |e£y| < |Tk|. When |e£y| >

|75l

65(2) TK? 1 1 k2T

S0 T S,

2r 1 2 Rl <2 1)~ e
For fixed € and &, the left-hand side of (2.299) is uniformly bounded
when 7 > 1. Therefore, the above estimate yields estimate (2.299),
when 7 is sufficiently large. Combining inequalities (2.297) and
(2.298), which follows from (2.299), we obtain the claim of the lemma.

|
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2.5.27. %

Lemma 2.79 Let ¢,k > 0. Then, for sufficiently large T and any
w € C°((—r/4,K/4)),

Xk (5") exp(—eD /2T wl]| < cexp(—7x?/4e) [|wl.

Proof. We will prove the estimate,

< cexp(—7r%/4e)|w],

Y0 1/2
H z )Z,.i(yo) exp(feDS/QT)w

which implies the lemma because |y/x| > 1 on supp (Xx). The
operator exp(—eD3/27) is an integral operator with the kernel

g
k(y°,2°%) = ”27r exp[—7(y° — 2°)%/2¢], 4°,2° € R.

By the Cauchy-Schwartz inequality,

1

2

‘eXp(—€D§/2T)w(y0)| < \/7|w||( e—T(yO—ZO)Q/EdZ0>
|20]<K/4
e

when || > k. Hence,

2

0 1/2
Il = )Z,i(yo) exp(—EDg/ZT)w

< e fwl? / ¢TI /2e40 g0 <
€ | 0|>K,

< Ce—TK2/26 ||,w”2

This proves the claim for large enough 7. O
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2.5.28. % We return to the proof of Carleman estimate (2.252).
We will first show that

exp(—eD2/27) P(y, D + itdé(y))u = (2.300)

= P(y,D — eHy(0)(0,...,0, Do) +itdp(y)) exp(—eD3 /27)u.
Indeed,

exp(—€£]/27)i0gu = (2.301)

= i0¢, (exp(—€&§/27)u) + @ exp(—e&? /27)u,

and, applying the inverse Fourier transform to (2.301), we obtain
that

exp(—eD3/27)(y"u) = (y° + ieDy/7) exp(—eD§ /27 )u.
Iterating this equation, we have
exp(—eD3/27)[(y°)*u)] = (v° + ieDy/7)" exp(—eDg /27 )u.(2.302)

Since ¢ is a second-order polynomial, its differential d¢ depends on
y linearly,

do(y) = Hy(0)y + dp(0).

Thus,

exp(—eDg/27) (Do + irdd(y’,y")) =

= (Dy — €Hy(0)(0,...,0, Do) + itdg(y)) exp(—eDj/27). (2.303)

The coefficients of the operator P(y, D) are independent of the vari-
able y°. Therefore, for a given y, the coefficients of P(y, D+itdé(y))
depend on y° polynomially. Equation (2.300) follows now from equa-
tions (2.302) and (2.303).
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2.5.29. % Now we are ready to prove Carleman estimate (2.252).

Theorem 2.80 Let k and € be sufficiently small positive numbers.
Let uw € Hy(By,)16(0)) and P(y,D)u € L*(B,15(0)). Then, there
is 11 (0, k), such that for T > 1 (9, k),

1Q2 ull 1,y < er211Q2, Ply, D)ull + ce™™ /15 |e™ul| 1), (2.304)
where ¢ depends only on € and k.
2.5.30. % Proof. We start with u € C§°(B,3(0)). Let w = e"u.
By formula (2.255),
e™®P(y,D)u = P(y, D + ird$)w.
Thus, relation (2.300) implies that

(2.305)
Q?.P(y,D)u=P(y,D — eHy(0)(0,...,0, Do) + itde(y))Q .u.

We intend to apply Lemma 2.75 to the main term, due to p(y, D),
in the right-hand side of this equation. However, supp (Qf}u) is no
more compact, because QZ),T is not a local operator in the y%-variable.
Since supp (u) C B, 3(0),

supp (Q2,u) C {(y',4°) : |y'| < x/8}.
Represent Qfﬁu in the form

Q?ﬂ'u = Xﬁ(yo) Q?,Tu + %K(yo) Q?ﬂ'u’ (2306)
where x4, X« are of form (2.296). By Lemma 2.79,

1% (y°) Q2 ull = X (y°) exp(—eD /27) w|| <
< cemTH/Ae|| ey, (2.307)
if 7 is sufficiently large. Furthermore, Lemma 2.79 implies also that
1Da(Xs Q2w < | DaXislloo [1Xn /2@ - ull+
1R exp(— D3 /27) D7) | <
< c;@_le—mZ/lﬁe”ewuH + ce—m2/4€||67¢u||(1ﬁ). (2.308)
Therefore, for sufficiently large 7 > 71(k, €),

5 — —TI{Q € T
Xk Q2 ull 1,y < er™ e 1 €™ ul| g . (2.309)
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2.5.31. % In view of inequality (2.309), it remains to estimate

Qd)
Xk We,7U-
By Corollary 2.73, if € > 0 is sufficiently small, then the func-

tion ¢ is pseudo-convex at 0 with respect to the symbol p(y,& —
eHy(0)(0,...,0,&)). Hence, Lemma, 2.75 remains valid for p(y, D —
eH(0)(0,...,0,Dp), 7) and we have the inequality,

150 Q2 ull?y < ll Dol Q2 ) >+ (2.310)

+er Hp(y, D — eHy(0)(0, ..., 0, Do) +iTd(y)) (xx QL w)|*.
Clearly,
HPI (y’ D — €H¢(0)(0? ooy 0y DO)’ T)XK Q?,TuH < CHXK Q?,TuH(l,T)a

since Py(y,D,7) = P(y,D,7)—p(y, D, T) is a first-order operator in
(D, 7). Hence, inequality (2.310) implies that

X Q?,TUH%LT) < CT_IHXR Q?,TUH%LT) + ¢l Do(xx Q?,q—u) H2+

+er HP(y. D — eHy(0)(0,...,0, Do) +itde(y)) (X @ u)||*.
Thus,

I Q2 ullfy, 7y < ell Dol Q2w I+ (2.311)

+erH|P(y, D — eHy(0)(0,...,0, Do) + irdd(y)) (xx QL )|,

when 7 is large enough.
Consider the first term in the right-hand side of (2.311). Then,

P(y, D — eHy(0)(0,...,0. Do) +irde(y)) (xx Q% u) = (2.312)

— XwP(y, D — eHy(0)(0, ... 0, Do) + irdo(y)) Q% ,u+ N(QF, ),

where N is the commutator

N = P(y7 D —eHy(0)(0,...,0,Dp) + Z'qub(y))  xe(@0)].
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However, N is a first-order operator in (D, 7) and, therefore, for some
c3 depending on k,

IN@E )l < s (e Q2rullm) + % Qérullam ) <

< eallxn Q2 ull 10y + erte ™0 e Pu | gy, (2.313)

where we have used formula (2.309). Analogously, with some ¢y
depending on on k

_ 2
I Doxs Q€rull < 1| DoQru || + en™ e ™ /1 el g 1| +(2-314)

C4
+? HXE Q?,TUH(LT)'

Combining equations (2.312) and (2.305) with inequalities (2.311)
and (2.313), we see that

e Q2 ull 1,y < e V2 (1Q2, Py, D)ul| + esllxe Q2 rull 1,m) +

el DoQ2 u || + e e T ey . (2.315)
For sufficiently large 7 this inequality implies that

e Qulla,m) < er 21QE - Ply, Dyull+

+er™te T8 Ty 4 es|| DoQE pull. (2.316)

Employing Lemma 2.78, we see that

CRT

CcT __,2
I DoQZull < ——1Q2 ul +—e " e ulq . (2:317)

e
Decreasing « if necessary, inequalities (2.316) and (2.317) yield that
_ T
s @2l 1,0y < er™2IQ2, Py, D)ul| + 1 Q&ul+

C —TK? €l ,T
e /16| ™| 1.1y (2.318)

for sufficiently large 7. Combining inequalities (2.309) and (2.318),
we obtain estimate (2.304) for u € C§°(B,3(0)).
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2.5.32. % In this section, we will complete the proof of Theorem
2.80. Let u € H}(B,(0)), P(y,D)u € L*(B,(0)), where p < /8.
Consider a mollification ug of the function w,

ws(y' %) = wr g, = /R u(y' 4 — tba(t) dt,

where (t) = s (t/s) and ¢ € C(R) satisfies [(t)dt = 1.
Clearly,

us € C5°(R; Hy(B),(0))). (2.319)
As the coefficients of P(y, D) are independent of 3,
P(y,D)us = (P(y,D)u) * s — P(y,D)u when s — 0 (2.320)

in L?(B,3(0)). Moreover, relation (2.320) shows that P(y, D)u, €
C3°(R; L*(B),(0"))). Therefore,

a(y,D)us = P(y, D)u, — dau, € CC(R; LQ(B;(O'))). (2.321)

Combining (2.319) and (2.321) and using Garding Theorem 2.22,
we see that u, € CG°(R; H*(B,(0'))). As supp (us) C B,/s(0)
for sufficiently small s, we can approximate u, in C§°(R; H*(B],(0))
by smooth functions from C§°(B,/3(0)). These smooth approxima-
tions satisfy estimate (2.304) and, by closure arguments, wus also
satisfy this estimate. As us — w in H} and, by relation (2.320),
P(y,D)us — P(y,D)us in L?, estimate (2.304) holds true for u €
H{(B),(0)) with P(y, D)u € L*(B,(0)), for any p < £/8, in particu-
lar, for p = k/16. O

2.5.33. % Using Carleman estimate (2.252), we can easily complete
the proof of Theorem 2.66.

Let u be a solution of hyperbolic equation (2.220). Let x €
C5°(By/16(0)) be a cut-off function such that x(y) = 1 in a ball
B,(0), p < k/16. By Lemma, 2.72,

supp (u) C {y : #(y) <0} U{0}.

(see Fig. 2.11). Since

supp (P(y, D)(xu)) C supp (u)\B,(0),
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there is ¢y > 0, such that ¢(y) < —co on supp (P(y, D)(xu)). How-
ever, P(y, D)u = 0, so that

le™® P(y, D)(xu)|| < ce™7||u]1.
Clearly,
le=<P8/ 2Ty < o],

for any v € L2, Taking v = e"®P(y, D)(xu), we see that Theorem
2.80, with u replaced by xu, implies that

102, (xw)l 1.0y < e 2[Q¢, Py, D) (xu)|| + ere ™15 lu]ly <

< ce “lul1,
for sufficiently large 7. Hence,
_ 2 /
le=<Po/TemF D (u)|| < Clluls,

when 7 is large enough. By Lemma 2.67, this implies that © = 0 in
{y : ¢(y) > —c}, which is an open neighborhood of y = 0 (see Fig.
2.11). O

Notes. Section 2.1 contains rather standard material on differen-
tial and Riemannian geometries. A complete exposition, including
proofs, of this material can be found in numerous textbooks on the
subject, e.g., [BuZa|, [Cv], [GrKIMe|, [Kl|, [GaHuLa], [Sp|]. Our
presentation pays special attention to manifolds with boundary and
different phenomena related to boundary, e.g., the boundary normal
coordinates, cut locus with respect to the boundary, etc. This ma-
terial is not traditional in the textbooks on Riemannian geometry.
However, in many cases, structures on manifolds with boundary have
direct analogy to manifolds without boundaries. For instance, con-
struction of the normal and boundary normal coordinates and the
demonstration of the Klingenberg lemma are completely parallel.
Our main references for section 2.2 are [Ev], [Ld], [EgSb]. Namely,
second-order elliptic differential operators are considered in [Ev],
Chapter 6, [Ld], Chapter 2, [EgSb], Chapters 3-4. Hyperbolic initial-
boundary values problems are discussed in [Ev], section 7.2, and [Ld],
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Chapter 4. However, some of the results, e.g., the asymptotic prop-
erties of the eigenfunctions and the Fourier expansions in different
Sobolev spaces, cannot be found in these textbooks. More advanced
material on elliptic differential operators is contained in [Ag2], [Ho2],
and [LiMg]. For instance, the interpolation result used in section 2.3
can be found in [LiMg].

The basic references for section 2.3 are the same as for section 2.2.
However, the case of the inhomogeneous boundary conditions and the
behaviour of the normal derivatives of the waves on the boundary,
cannot be found in these textbooks. For these and related results,
we refer to the original papers [LsLiTr] (see also [LsTr1]-[LsTr2]).

The Gaussian beams, which are considered in section 2.4 are,
representatives of a new class of the WKB-type asymptotic solutions,
which have a complex phase. There are no textbooks devoted to
this subject (see, however, [BaBuMo]. In the time-harmonic case,
an analog of the Gaussian beams was developed in [BaPal. The
nonstationary case appeared later [BaUl|, [Kal, [R]]. Different types
of Gaussian beams were used for constructing the parametrics for
the wave equations [RI], for developing efficient numeric algorithms
to compute high-frequency wave fields [KaPol], [KaPo2], etc. This
type of solution was developed also for the Maxwell and elasticity
system of equations [Po], [KaPo2|, [KaPo3], [Nm].

Unique continuation results for solutions of partial differential
equations with analytic coefficients are based, in general, on the
Cauchy-Kovalevskaya theorem, see, e.g., [Ru], [Hol]. When coef-
ficients are non-analytic, the existing methods to prove the unique
continuation go back to Carleman [Cr|. They were developed to prove
numerous unique continuation results for elliptic and parabolic sys-
tems, see, e.g., [Hol] and literature cited here. In the hyperbolic
case, the method developed in [Hol] is suitable to prove the unique
continuation across a space-like surface. The problem of unique con-
tinuation across a time-like surface turns out to be more complicated.
First results in this direction were obtained in [Rb], [Ho3], see also
[RuTy]. The complete solution of the unique continuation problem
for the wave equation with time-analytic coefficients that involve a
number of important new ideas was given by Tataru [Tal], see also
further developments in [Ta2], [Ho3], [RbZu]. The scheme used in
section 2.5 is a modification of the scheme in [Ho4|. However, in
our exposition, we use only the energy-type estimates, avoiding the
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pseudodifferential calculus. In recent years, the technique of Carle-
man estimates was extended to boundary value problems [Ta3] and
certain hyperbolic systems [EIsNkTa]. We mention also that the
technique of the Carleman estimates is now widely used to study
multidimensional inverse problems, see, e.g., [Is2], [Is3], [Kb], [Ya],
[ImYa]. More detailed discussions of the Carleman-type technique
for inverse problems and further references are given in [Is1], [Is4].

The most commonly used versions of Phragmen-Lindelof princi-
ple and Paley-Wiener theorem in section 4.5 can be found in [Hi],
[Rd].
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Chapter 3

Gel’fand inverse boundary
spectral problem for
manifolds

3.1. Formulation of the problem and the main
result

3.1.1. This is the main chapter of the book. Here, we generalize
for the multidimensional case the method described in Chapter 1 for
the one-dimensional case. We consider a multidimensional inverse
boundary spectral problem for the general second-order self-adjoint
operator on a manifold with boundary. This problem is the direct
multidimensional analog of Problem 1 of section 1.1.3. On the one
hand, this problem is quite general and embraces a large number
of specific inverse problems that occur in practical applications, e.g.,
the inverse problem for a Schrédinger operator in a domain of an Eu-
clidean space, or for an anisotropic conductivity operator, see section
4.5. On the other hand, the unified approach to all these different
inverse problems elucidates the essential features of these problems.

3.1.2. Asobserved in Chapter 1, inverse problems should be consid-
ered taking into account all admissible transformations that preserve
the structure of the problem, i.e., from the invariant point of view.
Physically, this means that, although the same physical process can
be described by different models, all these models should possess
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some characteristic features that are invariant with respect to the
admissible transformations. The goal of inverse problems is to find
these characteristic features. There are two types of transformations
that should be taken into account, namely, changes of coordinates
and gauge transformations. Both have fundamental physical mean-
ing. Indeed, changes of coordinates correspond to re-scaling of the
independent variables x, i.e., the space variables, while gauge trans-
formations correspond to re-scaling of the dependent variable, i.e.,
the field u. As we will show, they also have an adequate mathe-
matical meaning. In the one-dimensional case, changes of coordi-
nates are irrelevant, as the geometry remains essentially the same.
Indeed, we always have some finite interval of the real axis. In the
multi-dimensional case, the underlying geometry becomes much more
complicated, for instance, a domain can contain holes or it may lie on
a curved surface. It is the concept of a manifold that covers all these
cases. That is why we consider inverse problems on manifolds. We
understand that a manifold is a rather abstract concept that does not
look natural in practical problems used to find physical parameters
in specific domains. However, on the one hand, in a number of ap-
plications, the reconstruction is not carried out globally in Fuclidean
coordinates, but locally in some special coordinates, e.g., travel-time
coordinates. Mathematically speaking, this corresponds to the re-
construction of the underlying manifold structure in some distance
coordinates, e.g., the boundary normal coordinates. On the other
hand, when an actual domain lies in an Euclidean space, the recon-
struction of a manifold and an operator on it is only the first step
in the solution of the inverse problem. The second step consists of
the reconstruction of the unknown operator in the Euclidean domain
and is based on the results obtained at the first step (see, e.g., section
4.5).

What does it mean to reconstruct a Riemannian manifold? As we
know from section 2.1.5, isometric Riemannian manifolds are iden-
tical from the point of view of Riemannian geometry. Therefore, to
reconstruct a Riemannian manifold means to construct some Rie-
mannian manifold that is isometric to the original one. This is ex-
actly what we will do in this chapter. We will develop a procedure
to construct a particular Riemannian manifold from the boundary
spectral data and then show that this manifold is isometric to the
considered one.
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The role of the gauge transformations is related to re-scaling of
the solution. This re-scaling may vary from point to point so that the
values of the field are multiplied by a smooth positive function. When
the structure of the operator is known a priori, this may decrease
the set of admissible gauge transformations. For instance, these re-
scalings may be non-trivial only in the interior of the manifold, i.e.,
the corresponding re-scaling function is equal to 1 on M. Thus, the
values of the solutions do not change on the boundary.

In many practical applications, we know both the structure of
the operator and the domain in the Euclidean space. Sometimes
this additional information is sufficient to find the operator uniquely.
This takes place, for instance, for a Schrédinger operator, —A+g(x).
This, and other examples of operators in R™, will be considered in
section 4.5.

The above discussion implies that we look at inverse problems
from an invariant point of view. Therefore, although the inverse
boundary spectral problem for a general anisotropic operator does
not have a unique solution, we can still construct the underlying
manifold and the class of operators, which are gauge equivalent to
the original one. To stress the invariant nature of the approach to
inverse problems, which is developed later in this chapter, we will
introduce and study inverse problems with the boundary spectral
data given in the gauge invariant form.

3.1.3. This section is devoted to the rigorous formulation of the
problems that we consider in this chapter.

Let M be a manifold with boundary M and A be a second-order
elliptic differential operator with the Dirichlet boundary condition.
We assume that A is self-adjoint in L?(M, dV). As shown in sections
2.2.3-2.2.4, A has the form

Au = a(x, D)u = —g~2m=18;(g**mg’* o u) + qu, (3.1)
D(A) = HA(M) 1 B (M), (32)
dV = mdV, = mg**da* A - A da™. (3.3)

Denoting the eigenvalues and the orthonormal eigenfunctions of A
by Aj and ¢;, 7 =1,2,..., we come to the following definition.
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Definition 3.1 The collection

{an )‘]7 au¢j|8Ma .7 - 1727 .. }
is called the boundary spectral data of (M, A).

Here 0, is the normal derivative with respect to the metric associated
with operator A, i.e,.

Oyu = 1’ 0ju,

where v = 1/J % is the unit inward normal vector to OM.

3.1.4. As we have shown in sections 2.2.7-2.2.9, a gauge transfor-
mation S, does not change the eigenvalues, while the eigenfunctions
are multiplied by . Therefore, if A, = Si(A), then the boundary
spectral data of A, is the collection

{8Ma Aja 81/<P?|8M, ] = 1,2,...} =

= {8-/\/{3 )\Jv K/Oallgojbj\/h ]: 1723"'}7
where kg = K|onm-

Definition 3.2 The boundary spectral data {OM, \j, Ov@jlom = J =
1,2,...} and {OM, X}, O,@jlom = j=1.2,...} are gauge equivalent

if OM = OM, \j = A\ and there is a smooth positive function ko on
OM such that

8V¢j|6/\/l = K:Oal/@jb/\/la .7 = 1a 2a cee

3.1.5. We have observed that, if two operators on the same man-
ifold are gauge equivalent, their boundary spectral data are gauge
equivalent. The natural inverse boundary spectral problem is the
following.

Problem 3 Assume that two pairs (M, A) and (Mv, A) have the
gauge equivalent boundary spectral data. Does it follow that manifolds
M and M coincide and that A and A are gauge equivalent, i.e., lie
i the same orbit of the group of gauge transformations?
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The answer to this question is positive:

Theorem 3.3 Let

{OM, X, dvejlom, 5=1,2,...}
and

{OM. XNj, 8@jlom. §=1,2,...}

be the boundary spectral data of pairs (M, A) and (/\7 .,Z) If these
boundary spectral data are gauge equivalent, then M = M and A
and A are gauge equivalent, i.e., lie in the same orbit of the group

of gauge transformations, A € o(A).

3.1.6. Theorem 3.3 is the main result of this chapter. To prove this
theorem, we use the observation made in section 2.2.10. It shows
that, in any orbit of the group of gauge transformations, there is
a unique Schrodinger operator. This observation makes it possible
to reduce Problem 3, which is posed for a general operator, to the
corresponding inverse problem for a Schrédinger operator.

Problem 4 Let

{8/\/{3 Aja 8VSDJ|3M7 .7: 1323}

be the boundary spectral data of a Schrodinger operator —Agy+q. Do
these data determine uniquely the Riemannian manifold (M, g) and
the potential q?

Moreover, we give an answer to a more general question.

Problem 5 Assume that we are given a collection,
{aM/ >‘]7 K08V90j|3/\47 ] = 17 2a v }7

where \j and Oypjlom are the eigenvalues and normal derivatives
on OM of the orthonormal eigenfunctions of a Schrédinger operator
—Ag 4 q and ko is an unknown smooth positive function on OM.
Do these data, which we call the gauge equivalent boundary spectral
data, determine uniquely the Riemannian manifold (M, g) and the
potential q?
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The answers to both these questions are positive. Actually, we
do not only prove the uniqueness but also develop a procedure to
construct the Riemannian manifold and the Schrédinger operator on
it.

Let us explain how the proof of Theorem 3.3 follows from the
positive answer to Problem 5. Assume that the boundary spectral
data that correspond to the operators A and A are gauge equivalent.
Then the Schrodinger operators, which correspond to A and A, have
the gauge equivalent boundary spectral data. The positive answer
for Problem 5 implies that these Riemannian Schrodinger operators
coincide. Hence, M = M and A and A lie in the orbit of the
group of gauge transformations through this Riemannian Schrodinger
operator. Hence, A and A are gauge equivalent.

3.1.7. The difference between Problem 3 and Problem 4 clarifies
the effect of a priori data in the invariant approach to inverse prob-
lems. Problem 3 and Theorem 3.3 deal with the general operators
and give an answer in terms of the classes of equivalence of operators.
In Problem 4 we have additional a priori information that specifies
the structure of the operator and makes the inverse problem uniquely
solvable. Clearly, there are intermediate cases, when we know some
a priori information that does not make the problem uniquely solv-
able but decreases the admissible group of transformations. This is
clarified by the following examples.

Example 3.4 Assume that we know the boundary spectral data
{8M7 A]a al/(pjb/\/la ] = 17 2) v }7

rather than the class of the gauge equivalent boundary spectral data.
It then follows from formula (2.55) and Theorem 3.3 that these data
determine M and the class of operators o((A), where

Uo(A) = {S,.;A: Kk >0, "0|6M = 1},

rather than the wider class o(A). Actually, oo(.A) is an orbit of
the subgroup of gauge transformations that are normalized on the
boundary.

Example 3.5 Consider a more traditional inverse boundary spec-
tral problem for a differential operator A = —c(x)?A + ¢(x) in a
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given bounded domain Q C R2. This operator is a Schrédinger op-
erator with respect to the metric ¢/ (x) = c?(x)6%/. Therefore, by
solving Problem 4, we can construct a Riemannian manifold (M, g)
and a Schrodinger operator on it. This Riemannian manifold and
the Schrodinger operator can be considered an abstract representa-
tion of the operator A. In addition, we know that A is an operator
of the form —c(x)?A + ¢(x) in a given domain Q C R?, so that the
corresponding metric is conformally Euclidean. Using this informa-
tion we can uniquely reconstruct ¢(x) and ¢(x) in €2 from its abstract
representation. This fact and some other examples are considered in
detail in section 4.5.

3.2. Fourier coefficients of waves

In this and the next sections, we give a solution of the inverse bound-
ary spectral problem for a Schrédinger operator. We start with the
formulae for the Fourier coefficients of waves that are generated by
boundary sources.

3.2.1. Consider the initial-boundary value problem (2.6)-(2.9) with
F =0, ¢0:¢1:03

Ofu—Agu+qx)u=0, in Q" =Mx[0,T], (3.4)
U‘ET = f(t)7 !t = OM x [0 T]v (35)
u|t:0 = 8tu|t:0 =0. (3.6)

By Theorem 2.30 and Lemma 2.42, we know that
u € C([0,T); H' (M) N CH([0, T); L*(M)),

when f € HYXT), fli=o = 0, and u € C([0,T]; L*(M)) when
f € L?(X7). Here and later we denote by u/(¢) the solution of prob-
lem (3.4)—(3.6) corresponding to a boundary source f. The Fourier
expansion of the wave uf(t) is given by the formula,

ul () = uf (t)er, (3.7)
k=1
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where the Fourier coefficients u{(t) € CY([0,7]) when f € HY(XT),
fli=o = 0, and u£ € C([0,T]) when f € L?>(XT). Moreover, we have
the following representation.

3.2.2.
Lemma 3.6 Let u/(t) be the solution of (3.4)-(3.6), where f €
L2(XT). Then fork =1,2,...,

(1) = / t f(z, )81 (t — 1) Dyipr(2) dS,y(z)dt'. (3.8)
0 JoM

We remind the reader that dSy is the volume element of the boundary
OM, which is induced by the metric g, and

sin v/ At )\k >0
b

VA v o
sult) =t £ =0, (3.9)
sinh /||t Ae < 0.
VIl

Proof. Let f € C®(XT) and 0 f|t—o = 0 for all p=0,1,.... Then
by Theorem 2.45 u/ € C=(Q™) and u£ € C>([0,T]). Moreover,

Ol (x,t)]—0 =0, p=0,1,...,
and
ul(t)i—o =0, p=0,1,...

Therefore,
dt2 é / Ol G, thpr(x)dVy
— / (Aguf(x,t) — q(x)uf (x, t))@k(x)dvg
M
== [ (@ (o )nx0) — o (x, 00,0 (x0)dS, -
oM

Y /M uf (x, 1) o (%)Y,
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= £, )01 (x)dSy — Agud (1). (3.10)
oM

Equation (3.10) is an ordinary differential equation for u{(t) Solving
this equation together with the initial conditions ui(O) = 8tu£(0) =
0, we obtain representation (3.8) for smooth f’s. Lemma 2.42 im-
plies the continuous dependence of u/(t) in C([0,T]; L?>(M)) on the
boundary source f € L*(X7). As even C§°(X7) is dense L?(X7),
representation (3.8) is valid for any f € L2(X7T). O

Lemma, 3.6 means that, given the boundary spectral data of a
Schrodinger operator and the volume element dSy, which is induced
on M by the metric g, it is possible to find the Fourier coefficients
of any wave uf(t). This observation is crucial for the following fun-
damental result.

3.2.3.

Theorem 3.7 Let u/ (t) and u”(s) be the solutions of system (3.4)—
(3.6), which are generated by boundary sources f,h € L*(XT). Then,
for any 0 < t,s < T, the inner products of the waves u/ (t) and u"(s)
may be found by the formula,

(W (t),u"(s)) = > uf (t)ul(s), (3.11)
k=1

where the Fourier coefficients u{(t) are given by formula (3.8) and

the Fourier coefficients uZ(s) by the same formula with f replaced by
h.

3.2.4. In the inverse boundary spectral Problem 5, we do not as-
sume the knowledge of the volume element dS,. Namely, in the
boundary spectral data, the boundary OM is considered just as a
differentiable manifold. However, we can always choose a smooth
positive volume element dp on dM. Thus, by the Radon-Nikodym
theorem, there is a function n € C*°(9OM), n > 0 such that

dp =ndS,. (3.12)

Moreover, we know the functions 0,¢x|gaq only up to some unknown
positive factor kg, kg € C°(dM). Hence, instead of the Fourier
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coefficients of the wave u (),

_ / [ Ha sl — 0,0 (2) ds,dt’, (3.13)
0 JoMm

we can evaluate the Fourier coefficients

(1 / / Vf (2, ) st — ¢)Dpi(z) dS,dt’ (3.14)
oM

t
— [ tat)snie - )00 ) dud.
0 JoM

These are the Fourier coefficients of the wave u*"f (t) with unknown
x and 7. Introducing the function ¢ € C*°(OM),

o(z) = ko(z)n(z), ze€ oM, (3.15)

we see that, instead of the inner product (uf(t),u"(s)), we evaluate
the inner product

(ue! (1), u (s Z uy ), (3.16)

where the Fourier coefficients in the right-hand side of this equation
are given by formula (3.14).

3.3. Domains of influence

3.3.1. LetT' € OM be a non-empty open set. We denote by L?(T x
[0,71) the subspace of L?(2T) that consists of the functions f with
supp (f) C ' x [0,T7.

Definition 3.8 The subset M(I',7) C M, 7 > 0,
MI,7)={xeM: dx,T) <7}
1s called the domain of influence of I' at time T.

Here, as usual, we denote by d(x,y) the distance between x and y

in (M,g).
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Figure 3.1: Domain of influence

Lemma 3.9 Let u/(t) be the solution of initial boundary value prob-
lem (3.4)-(5.6) with f € L*(T x [0,T]). Then

supp (u? (1)) € M(L, 7).
Proof. The result follows immediately from Theorem 2.47. a

Putting together the previous lemma and Lemma 2.42, we see
that, for f € L*(T x [0,77)),

uf (1) e LA(M(D, 7). (3.17)

Here and below we denote by L?(§2), € C M, the subspace of L?(M),
which consists of all functions f € L?(M) that are equal to zero in

M\ Q.

3.3.2. Consider the space of the waves u/(t), f € L*(I' x [0,7]).
Clearly, it is a linear subspace (not necessarily closed) of the space
LA(M(T, 7)) (see Fig. 3.1).

Theorem 3.10 Let 7 > 0. The linear subspace,
{uf(7) € 2(M(,7)) : fe LT x [0,7])},
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is dense in L2(M(T, 1)).
Proof. Let 1 € L*(M(T, 7)) be such that

for all f € C§°(I" x [0,7]). To prove the assertion, it is sufficient
to show that ¢» = 0. To this end, we consider the following initial
boundary value problem for the wave equation,

(0} — Ay +qe=0, in Q, (3.19)

elgr =0, eli=r =0, Oeli=r = . (3.20)

Integrating by parts and using equations (3.5)—(3.6) and (3.18), we
obtain that

0= / W =B, +a)e — (92 — A, + q)ul)e] dV, dt

_/ W (1)YdVy + | fO,edS,dt
M T

- f@dsg dt,

ZT

for all f € C§°(I" x [0,7]). In deriving this formula, we have used
Lemma 2.34, which guarantees that d,e € L2(X7). Because

foyedS,dt =0
E‘I’
for any f € C5°(I" x [0, 7]), we see that

dvelrx(o,r) = 0.

Together with boundary condition (3.20), this equation yields that
the Cauchy data of e vanish on I" x [0, 7]. Because e(7) = 0, we can
continue e onto the interval |7, 27] as

 e(x,t), for t <,
E(x.1) = { —e(x,21 —t), fort>rT.
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Then E € C([0,27]; HY(M)) N C([0,27]; L*(M)) and
(0} = A, +q)E=0in Q*.
Moreover, the Cauchy data of E vanish on I' x [0, 27],
Elrxjo2r =0, 0vElrxjo,2r = 0.
The fact that ¢» = 0 will follow from the following theorem.

Theorem 3.11 Let u € C([0,27]; H'(M)) N C([0,27]; L2(M)) be
a solution in Q*" of the wave equation (3.4), such that for an open
set I' C OM,

ulpxfo,27] = 05 Ovttlrx(o,2r) = 0. (3.21)

Then, at t = 7, the function u and its derivative Ozu vanish in the
domain of influence of T,

u(x,7) =0, du(x,7) =0 forx € M(T, 7).

This theorem is the global Holmgren-John uniqueness theorem
which will be proven later in section 3.4.

O
3.3.3. Clearly, the set
{ut’(r) € LA(M(T,7)) : f € L*(T x [0,7])}
is also dense in L?(M(T,7)). Thus, there are functions f;, j =
1,2,..., such that {uefs (7)}32; form an orthonormal basis in the

space L2(M(T,7)). In this section, we will construct such func-
tions f; from the boundary spectral data. The corresponding basis
{uofi (7)}32; is then called the wave basis.

Lemma 3.12 Let 7 > 0. Given the gauge equivalent boundary spec-
tral data it is possible to construct boundary sources f; € L*(I'x[0,7])
such that

vi =ui(r),j=1,2,..., (3.22)

form an orthonormal basis of L>(M(T', 1)).
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Proof. The proof is analogous to the proof in the one-dimensional
case, which is given in section 1.3.4. Indeed, let {h;}32; be a com-
plete set in L?(I" x [0,7]). Then {oh;}32, is also complete in L3(I" x
[0,7]). By means of the procedure described in section 3.2.4, we find
the inner products

cjp = (ufh (1), ut™ (7).

Next we use the Gram-Schmidt orthogonalization procedure to con-
struct f;. More precisely, we define f; € L*(I" x [0,7]) recursively
by

-1
g5 =hj = (Wi (), ul? (1)) fi,
k=1
fi= 2

(wess (7), s (D) 172

When g; = 0, we remove the corresponding h; from the original se-
quence and continue the procedure with the next hj;. The waves
{uofi (7)}32, obtained in this way form an orthonormal basis in

L2(M(T, 7). O

We point out that, if we choose the original set {h;} to be in
C3e(T x [0,7]), then, obviously, f; € C5°(I" x [0,7]) and the corre-
sponding wave basis consists of C'°°(M)-functions.

3.3.4. Denote by Pr, the orthogonal projector in L?(M) onto the
space L2(M(T, 7)),

Pr,: L*(M) — L*(M(T, 1)), (3.23)

(PF,Ta) (X) = XM(T,7) (X)G(X),

where X v((r,r) is the characteristic function of the domain of influence

M(T, 1),

- b for x € M(T, 1),
XM(I,m)\X) = 0, forx¢g M(T,T).
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Lemma 3.13 Let f,h € L*(X1) and ' C OM be an open set. Then,
given the gauge equivalent boundary spectral data, it is possible to find
the inner product

(Prau®f (1), uf"(s)) = / (0 uh(x,8)dV,  (3.24)
M(T,7)

forany 0 <t,s,7 <T.

Proof. By Lemma 3.12, we find functions f; € C5°(I' x [0, 7]) such

that the corresponding waves v; = u¢i (1) form an orthonormal basis

in L2(M(T,7)). Then, for any a € L>(M(T, 7)),

o0

a= Z;<a,vj> vj. (3.25)
N P
(Prru? (), 05) = (u? (t),05), (3.26)
then
(Pr-ut! (t),u?"(s)) = iw@f (), vj) (e (s), v;). (3.27)

However, v; = u®%i (1) so that (u®/(t),v;) and (u®"(s),v;) can be
computed by means of formula (3.16). O

Denote by M(y, 7) the domain of influence of a point y € M,
My, 7)={xeM: dx,y) <1}, (3.28)

and by Py the orthoprojection onto L?(M(y,7)).

Remark. Domains M(y,7) are direct multidimensional analogs of
domains M(0;0,7) which play crucial role in solving the one-dim-
ensional inverse problem.

Corollary 3.14 Let f,h € L>(XT) and y € OM be given. Then the
gauge equivalent boundary spectral data determine the tnner product

(Py rud (t),u"(s)) = /M( )ugf(x, t) ueh(x, s) dV, (3.29)
Yy, T

forany 0 <t, s, 7 <T.
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Proof. Let I}, I = 1,2,..., be a decreasing sequence of open sets
which converge to the point y,

00
Fl-i—l C Fl, m I = {y}
=1

Then,
llilgo XM(Ty,7) (X) = XM(y,7) (X)

pointwise, and, by the Lebesgue dominated convergence theorem,

lim (Pry,ru®? (1), u™(s)) = (Py,u®f (£), u"(s)).

[—o0

The previous considerations yield also the following corollary.

Corollary 3.15 Let f € L*(XT) and y € OM. Then the gauge
equivalent boundary spectral data determine uniquely the inner prod-
uct

[eS)
<Py,7<pk7 SDk: ugfj ugf (T)a quj (t)>v (330)
=1

where {ufi (7)}321 form an orthonormal basis in L*(M(y, T)).

3.4. Global unique continuation from bound-
ary

In this section, we will prove Theorem 3.11. Actually, we will prove
a more general theorem which is called the global Holmgren-John
uniqueness theorem. to this end, we will use the local unique con-
tinuation result given by Theorem 2.66.

3.4.1. Let u € H'(M x [-T,T)), u = u(x,t) be a weak solution of
the hyperbolic equation (3.4),

P(x,D)u=0fu—Ayju+qu=0, in Mx[-T,T]. (3.31)
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Figure 3.2: Double-cone of influence

t=T
t=0
t=-T

Assume that the Cauchy data of v vanish on T x [T, T,
U|py [~ = 0 and Oyulpy—r1) = 0, (3.32)

where I' C M is an open set. Let K C M x [=T,T] be the double-
cone of influence of I' x [T, T7,

K=FKrr={(xt)e€Mx[-T,T]: dx,T) <T—|t|} (3.33)
(see Fig. 3.2). The main result of this section is
Theorem 3.16 Let u be a solution of wave equation (3.51) that has
zero Cauchy data on T x [=T,T), i.e., let (3.32) be satisfied. Then

u = 0 in the double cone Kr .

The proof of Theorem 3.16 relies on the following result.
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3.4.2.

Lemma 3.17 Let xg € M™ and 0,0 >0 be so small that
B, 5(x0) NOM = 0

and that B, s(xo) lies in the coordinate chart of the normal coordi-
nates centered at xo. Let u € H*(M x [T, T]) be a solution of wave
equation (3.31) and

u(x,t) = 0 for (x,t) € B,(x0) x [~5,0]. (3.34)
Then
u(x,t) = 0 for (x,t) € Ky s, (3.35)
where
Ko = {(x,t) € M x [=0,6] : d(x,x0) <5 —[t]}.  (3.36)

Proof. Step 1. First we introduce the domains K,, « € [0, 9], which
exhaust Ky, s and have non-characteristic boundaries. Denote by
K,, a € 0,0], the set

Ko ={(x,t) € M x [=5,8] : (> 4+ a®)Y? +d(x,x0) < 6}. (3.37)

In particular, Ko = Ky, s and Ks = {(x0,0)}. The surfaces 0K,
a € [0,4), are smooth, with the exception of the points (xq, (6% —
a?)1/2). Moreover, outside these points the surfaces 9K, are non-
characteristic for any o < §. To prove this, we use normal coordi-
nates y = (y',...,4™) centered at xo. Let v be the normal to the
surface 0K, with respect to the metric g x can of M x R where can
is the canonical metric d¢? on R. Then v has the form

2 + o? t y
(v t) =\ 5 a2 <(t2 T Tyl (3.38)

where (y,t) € 0K,, y # 0. For any a < ¢, (Jv,v) > 0, where
J = diag (—1,1,...,1). Therefore, the surfaces 9K, are time-like
everywhere except y = 0.

Step 2. Let 8 be the infimum of all & > 0 such that

ulg, = 0. (3.39)
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Because u(x,t) = 0 for (x,t) € B,(xq) x [=6,9], we see that 3 < 4.
Let us show that 8 = 0. Assume, on the contrary, that 3 > 0. Then,
by definition, u = 0 in Kg"t.

Due to the local unique continuation result given by Theorem
2.66, the fact that 0K is non-characteristic implies that u(x,t) =0
in a neighborhood of any point (y,t) € 0Kz \ ({x0} x R).

However, if (y,t) € 0KgN{xo} xR, >0, i.e. y =x¢, t =
+v/0% — a2, then (y,t) € By(xo) x [—0,]. Therefore, u(x,t) = 0 also
in a neighborhood of these points.

Thus, there is an open neighborhood V' of K such that uly = 0.
As 0Kp is compact, there is € > 0 such that v = 0 in Kg_.. Hence,
g =0. O

The previous result has the following corollary.
Corollary 3.18 Let xg € M™ and p,5 > 0 be so small that
B,i5(x0) NOM =10

and that B,ys5(xo) lies in the coordinate chart of the normal coordi-
nates centered at xo. Let u € HY(M x [T, T]) be a solution of wave
equation (3.31) and

u(x,t) =0 for (x,t) € By(xq) x [T, T].
Then
u(x,t) =0 for (x,t) € Kyy 7 N (Byys(xo) x [=T,T]).  (3.40)

Proof. The corollary follows by using Lemma 3.17 for point (x,t)
with x € B,(xo), [t| <T — 6. O

3.4.3. In this section we will complete the proof of Theorem 3.16.

Step 1. Let (xo,t0) € KZ%.. Then d(xo,I') < T — [to| and for
any € > 0 there is a path u(s)’of length I, | < d(xg,I') + € such that
u(0) =z e, u(l) = xp and

p: (0,1 — M™

Moreover, p is parametrized by the arclength so that |u([a,b])| =
b — a. It follows from the definition of a manifold with boundary
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that there is a larger manifold Mv, M C Mv, z € M™ such that
OM\T C OM.

Continue u(x,t) by zero onto (M \ M) x [=T,T] to obtain a
function @ on M x [T, T,

Slx. ) — u(x,t), for (x,t) e M x [-T,T],
u(x, )_{ 0, for (x,t) EM\MX [T, T].

Due to boundary conditions (3.32), @ € HY(M x [T, T]) and sat-
isfies there wave equation (3.31), where the metric tensor g and the
potential ¢ are continued smoothly onto M \ M.

Step 2. Continue the path y onto M \ M. We obtain a path
Bt el — M, (—e) =7 € M\ M,

w(s) = p(s) for s > 0.

Due to the compactness of i([—e¢,]), there is a positive d such that,
for any s € [—¢,1], we have d(ji(s), OM) > 26, d(fi(—¢),OM) > 26,
and Bogs(p(s)) is a domain of the normal coordinates. Let N be a
positive integer such that N6 > l[4+e. Choose s; € [0,1], j =0,..., N,
such that 0 < sj11 —s; <0, so = —¢, sy = [ and denote y; = p(s;).

We can apply Corollary 3.18 to complete the proof of Theorem
3.16. Indeed, u = 0 in B,(yo) x [=T,T], where 0 < p < ¢ is,
otherwise, arbitrary. Hence, by Corollary 3.18, u = 0 in Ky, 7 N
B,15(yo) x [=T,T]. In particular,

u=0 in By(y1) x [-T +d(y1,yo0) + p, T — d(y1.y0) — p|
CByy1)) x [T+ (s1+€ +p. T —(s14+€) —p|

Continuing this procedure, we obtain that
u=0 in By(y;) X [-T+(sj+e€) +jp, T —(s; +¢€) —jpl
Since € and ¢ are arbitrary small and d(x,I") < T — [to|, we see

that u(x,t) = u(x,t) = 0 in a neighborhood of (xq,ty). This proves
Theorem 3.16. O

Theorem 3.11 follows immediately from Theorem 3.16.
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3.5. Gaussian beams from the boundary

3.5.1. In section 3.3 we have obtained formula (3.30), which makes
it possible to find the inner products of projections of waves generated
by boundary sources. Later we will use this formula to reconstruct
the geometry of the manifold. To do that, we will use the techniques
of Gaussian beams. The general theory of Gaussian beams on man-
ifolds A without boundary is given in section 2.4. In the current
section, we will adapt this theory to construct the Gaussian beams
generated by boundary sources.

Let us consider a manifold (M, g) with boundary that is iso-
metrically embedded into a manifold (N, g) without boundary, i.e.,
M c N. We understand a formal Gaussian beam on the manifold
M to be the restriction onto M of a formal Gaussian beam defined
on NV. Analyzing the restrictions of the formal Gaussian beams on
the boundary cylinder 9M x R, we determine the proper boundary
conditions to obtain a Gaussian beam in M that is generated by a
boundary source. For our purposes, we need only those Gaussian
beams that correspond to the normal geodesics. Sumimarizing, in
this section we will construct the boundary sources such that the
corresponding solutions of the initial-boundary value problem are
Gaussian beams.

3.5.2. Let zg € OM, tg > 0, and let z = (2!,...2™ 1) be a local
system of coordinates on M near zy. Consider a class of functions
fe = fezo.to(2,t) on the boundary cylinder oM x R, where

fe(z,t) = (we) "™ x(z, t) exp {ie 1 O(z, 1)}V (). (3.41)
Here y is a smooth cut-off function near (zg, tg) and

1

2(t —t0)?, (3.42)

1
O(z,t) = —(t — to) + 5(Ho(z —20),(z —z0)) +
where (-, -) is the real Euclidean inner product and H is a symmetric
matrix with a positive definite imaginary part, i.e. Hy = H}, SHp >
0. At last, let V be a smooth function on M. Its Taylor expansion
near zg € OM is

V= VZXZZVQ(Z—ZQ)O‘,
=1 1=1 |a|=l
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where V; are homogeneous polynomials of order | with complex co-
efficients V,, € C.

3.5.3. Consider the initial-boundary value problem

8fu —Agu+qu =0,
uli—g = Opuly_g =0, (3.43)

ulgng = fe(2,1).

In this section, we will prove that the solution u = uc(x,t) of this
initial-boundary value problem is a Gaussian beam. The correspond-
ing geodesic starts at zy and is normal to the boundary. To prove
this result, we first construct a formal Gaussian beam that asymptot-
ically has the right boundary value. Then we prove that the solution
of problem (3.43) is close to the constructed formal Gaussian beam
for t <ty +1(z0). By l(z0) we denote the maximal arclength of the
normal geodesic, which starts at the point zg € OM, until it hits
the boundary. Clearly, I(zg) > Tor(2zo), where the function o is
defined in section 2.1.16.

3.5.4. In our constructions we use the boundary normal coordi-
nates (z,n) = (2!,...,2™1,n) on M, which are described in sections
2.1.16-2.1.18. We remind the reader that this system of coordinates
is smooth until the cut locus, and that the length element in these

coordinates has the form
ds® = gap(z,n)dz%dz" + dn?, (3.44)

a,f =1,...,m — 1. Here the metric tensor g,3(z,0) is the metric
tensor on the boundary OM. If we allow n to be negative, these
coordinates define also a coordinate system on A" near OM. Next, we
show that there is a formal Gaussian beam on N x R that is equal to
fe in a neighborhood of (zg, tg) on OM x R. For |t—ty| be sufficiently
small, we seek for the representation of UN (x,t) = UM (z,n,t) in the
boundary normal coordinates,

N

UN(x,t) = (me) " * exp {—(i€) 10(z,n.t)} Y u;(z,n,t)(ie) (3.45)
=0
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Theorem 3.19 Let zg € OM, ty > 0 and assume that the function
V € C®°(OM) and the matriz Hy are given. Then there is a formal
Gaussian beam UN (x,t) on N'x R which is concentrated near zo at
time ty and satisfies the following conditions:

i) The formal Gaussian beam UN (x,t) is propagating into M, i.e.,
the geodesic y(t) corresponding to UN (x,t) satisfies
(v,v)g >0,

where v = J57y(to).
ii) In representation (3.45) the phase and the amplitude functions
satisfy the boundary conditions

1 7
0(z,0,t) < —(t —to) + §(H0(Z —2p),(z — zo)) + §(t — t9)?, (3.46)
uo(z,0,t) < V(z), wug(z,0,t) <0, k=1,...,N.

iii) UN (x,t) satisfies inequality (2.217) near (z,ty) € N x R.
Moreover, these conditions imply that vy is the normal geodesic, which

starts at the point zg at time tg. In the boundary normal coordinates
(z,n), v(t) has the form

z(t) =z, n(t)=t—to, (3.47)

fort —to < Torm(zo)-

Remark. We note that conditions i-ii¢ determine the formal Gaus-
sian beam uniquely up to a term O(e?), p= N —m.

3.5.5. Proof. Let us consider any Gaussian beam on N. First we
show that, if the Gaussian beam satisfies the right boundary condi-
tions near (z, 0, %), then it propagates along the normal geodesic.

Lemma 3.20 Let UN(z,n,t) be a formal Gaussian beam that satis-
fies boundary conditions (3.46). Let ~y be the geodesic corresponding
to it. Then vy is the normal geodesic g, .

Proof. Step 1. Let us consider a formal Gaussian beam in the
boundary normal coordinates (z,n,t). As it was shown in sections
2.4.5, 2.4.6, the phase function 0 of the Gaussian beam has the form

H(Z’ n, t) = Z el(t)v

>1
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where

and

+2Hom (1) (2% = 2%(t)) (n — n(t)) + Hpm () (n — n(1))?],  (3.48)

a, B=1,...,m—1. We remind the reader that p(¢) is the canonical
transformation of the unit velocity vector along the geodesic v and
0,(t) are homogeneous polynomials of order [ with respect to (z —
z(t),n —n(t)). In particular, on the boundary n = 0,

0(2,0,t) < pa(t) (2% — 2%(t)) + pm(t)(—n(t))+

+%[Haﬁ(t)(zo‘ — 2%(1)) (27 = 2°(1)) + 2Hom (1) (2% — (1)) (—n(1))+

+Hon (8)(n(£)*] 4 Y 01(8) 1= - (3.49)

>3

Step 2. We represent the geodesic v in the boundary normal co-
ordinates (z,n) as y(t) = (z(t),n(t)). Assume that (z(to),n(to)) =
(zo,0), that is, the geodesic starts at the point zy. Next, we find the
initial data,

p|t:0 =Po = (PlO: o 7pm0)-

Formula (3.49) implies that the Taylor expansion of 6(z,0,t¢) near
(2o, to) has the form

dz“(t
0(2,0.0) = pao(* — )~ pao (1 — 1)~
- M(t—t)—l—za (3.50)
Pmo—; 0 I .

1>2
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where 51, [ = 2,..., are homogeneous polynomials of order [ with
respect to (z — zg,t — ty). Indeed, formula (3.49) gives a polynomial
expansion of 6(z, 0,t)with respect to z—z(t). The coefficients in this
expansion are some functions of t. Re-expanding z(¢) and these coef-
ficients into the Taylor series near t = tp, we obtain the polynomials
of (z — zo,t — tp). The obtained polynomials on the right-hand side
of formula (3.50) must coincide with those in the boundary condi-
tion (3.46). Moreover, it follows from (3.49) that 6; depend only on
0;(to)|,,—o and the derivatives of 0;(to)|,_, 7 =1,2,...1 - 1.

Comparing formula (3.50) with boundary condition (3.46), we see
that

dn(to)

— 3.51
o (3.51)

pa0:0> azl,...,m—l, Pmo

We have shown in section 2.4.9 that |p(¢)| = 1 for all ¢. In particular,

IPo| = h(z0,0,po) = \/gaB(Z(),O)paopﬁO +p2, =1

Due to formulae (3.51), this implies that |pmo| = 1. Thus, the
geodesic, v(t) is a normal geodesic. As dn(tp)/dt is positive, we see
that the velocity vector of v(t) at zg is the interior normal vector.

Exercise 3.21 Using the Hamilton system (2.136) and the derived
initial conditions,

Z‘t:to = 2, n|t:t0 =0, p|t:t0 =(0,...,0,1),
show that

z(t) = zo, n(t)=t—ty, p()=1(0,...,0,1). (3.52)

To complete the proof, we point out that it is actually necessary that
~v(to) = zo. Indeed, if y(t9) = 2o # 2o, then the quadratic terms in
the Taylor expansion (3.50) could not match the quadratic terms in
the Taylor expansion (3.46). O

3.5.6. In this and the next sections we will complete the proof of
Theorem 3.19. Since the geodesic () is normal to the boundary,
0;(t) are homogeneous polynomials of order [ with respect to (z —

Zo, N — (t — to)).
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Consider the quadratic terms in 0(z,0,¢) in (3.50) and compare
them with the quadratic terms in expansion (3.46). Then, the same
considerations as in Lemma 3.20, show that

H(ty) = Hy,
where
(Ho)ap = (Ho)ap, (Ho)am =0,  (Ho)mm = 1, (3.53)

a,f=1,...,m— 1. Having found the initial data for the quadratic
form H(t), we can use the procedure described in sections 2.4.11—
2.4.13 to find H(t). Then,

H(t)=Z@t)Y (1), (3.54)

and, in the boundary normal coordinates,

t
Z(t)=Hy, Y@#t)=1+ [ C(t')dl' - Hy, (3.55)

to

where
C*(t) = g™ (20, — to) — 55" (3.56)

Exercise 3.22 Consider the matriz Riccati equation (2.162) in the
boundary normal coordinates. Show that the matrices B and D are
equal to zero and the matriz C' has form (3.56). Using the system of
equations (2.172), prove formulae (3.55), (3.56) .

Let us now return to expansion (3.50). If we assume that we
already know 01(t),..., 8;_1(t), then by comparing expansion (3.50)
with expansion (3.46) we obtain the initial data for 6;(¢y). Solving
initial value problem (2.204), (2.205), we find 6;(¢). Thus all ;(t)
can be found inductively.

Similarly, using boundary values (3.46) and equations (2.208), we
find the Taylor expansions of the amplitude functions u(z,n,t)[,_,,
{=0,1,..., where

znt Zulk

k>0
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Here i (t) are homogeneous polynomials of order k with respect to
(z —z0,m — (t — tp)). In particular,

u0,0(to) = V(20)

and

Z0, 1/4
woa(t) = (et y(@) 2 |0 Py, (s

|

3.5.7. In the previous sections, we have constructed the phase and
amplitude functions of a formal Gaussian beam UM (x,t) that is de-
fined in a neighborhood of (z,ty) in N' x R and satisfies bound-
ary conditions (3.46). Moreover, using the considerations of section
2.4.22, we can find UM (x,t) everywhere on N/ x R. As the normal
geodesic (t) is on M, for t < to + I(zo), we have constructed the
desired formal Gaussian beam particularly on M x [to,to + I(z0)].
This formal Gaussian beam UXN(x,t) satisfies boundary conditions
(3.46). This proves Theorem 3.19. O

3.5.8. In this section, we will construct the Gaussian beam that
corresponds to the formal Gaussian beam constructed in the previous
sections.

Let ue(x,t) be the solution of initial-boundary value problem
(3.43). Then the following result holds.

Theorem 3.23 Let T' < l(zg). Then, for any j > 0 and multi-index
a7

18] 05 (ue(x, t) = x(x, )UN (x,8))] < Cjae™ U/ (3.58)

xeM, 0<t<T.

Here UN(x,t) is the formal Gaussian beam of Theorem 3.19 and
X(x,t) is an arbitrary cut-off function that is equal to 1 near the
trajectory (x(t),t) of the Gaussian beam.

Proof. Because the formal Gaussian beam U (z,n,t) satisfies in-
equality (2.217) and the boundary conditions (3.46), the assertion
follows from Theorems 2.45 and 2.64. O
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3.6. Domains of influence and Gaussian beams

3.6.1. The technique of Gaussian beams is instrumental in finding
the distance between any point on a normal geodesic and any point
on the boundary, i.e., in finding d(z1, vz, (7)), 20,21 € OM. To
this end, we use the fact that, at any time ¢, a Gaussian beam is
concentrated near the point x(t) on its trajectory. Therefore, for
any open set 2 C M such that x(t) € Q, we have

Ixoue(- Ol < ¢/, |1 = xa)ue(- )| = e1 >0, (3.59)

for any j. Moreover, when Q@ = M(I",71) (see Fig 3.3), we can use
the boundary spectral data to compute the above norms.

Lemma 3.24 For any I' C OM, ty <t < tg+1(zg) and 71 > 0,

W (Pp e (1), ue(-5 1)) ={ a(g?)’ X’((t()t)eeﬁ/{ \%I(‘FTL)Q (3.60)

where [ = fezoto s given by formula (3.41) and

a(z0) = 1V (z0) Plolzo, OF (3.61)

V det(SH(t)) [det(Y (2))]
[V (20) [g(zoao)]l/z
\ det(SH(0)) |det(Y
Remark. Lemma 3.24 is the multidimensional analog of Lemma
1.24.

Proof. The proof is based on Lemma 2.58. We start by observing
that

uc@)[?+O0(e"), x(t) € M (T, 1),
(Ppry (), ue(t)) = { O(ek), «(t) € MAM(T. ).

where K > 0 is arbitrary.

To evaluate ||uc(-,t)||?, we can restrict the integral, which rep-
resents the norm, to a coordinate neighborhood of the point x(t).
Indeed, due to (3.59), the resulting error will be of the order ¥ for
any K > 0. Moreover, we can replace u(x, t) by the formal Gaussian
beam UXN (x,t), because this will also cause an error of the order €&
when N is sufficiently large. Thus,

lue(- D)% = /R U (s, 6)Px(d(e, x(6))) g (x)dx + O(X), (3.62)
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Figure 3.3: Gaussian beams and domains of influence

)

Zo

where x(s) is, as usual, a cut-off function satisfying x(s) = 1 in
a vicinity of s = 0. This integral contains the rapidly decreasing
function exp {—2e7130(x,t)}, where

30(x, 1) — %(%H(t)y,y) +30(x, 1),

with
Ny
O(x,t) = Y Oi(t),
=3
and 6;(t), | = 3,..., Ny, being some homogeneous polynomials of

order [ with respect to y = x — x(t). Using the fact that
lelO(x, t)| < ce’,

when |x — x(t)| < €'/39 with some small ¢ > 0, we can decompose
exp {—2¢710(x,t)} into the Taylor series in the ball B_i/s40(x(t)).
Outside this ball, |exp{—-2¢7130(x,t)}| < Cgell, for any K > 0.
Therefore, to within an error of order €, we can replace 6 and ug(z,t)
by the leading terms of their Taylor expansions. This leads to the
following equation,

lue(- )% =
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= (r) [T OHO g o 0) D)y -y + O

— "2 |ug () 2/ g(x(t)) ; e CH®Z2) g1 d2™ 4+ O(e)

_ |u0,0(t)|2 V g(X(t)) + 0(6)

det(SH(2))

(3.63)

Formulae (3.60) and (3.61) follow from representation (3.57). 0

Let T} — z1 be a decreasing sequence of open sets, (I} = z1 €
OM. Then Lemma 3.24 implies the following result.

Corollary 3.25 For any zy € OM, ty <t < ty+l(zp) and 7, > 0,

. a(t), x(t) € M"™(z, 1),
25%<Pz1,7'1u6('7t>vus('at» - { (()) < t() )EEM \ /\/(l(lzl,lT)l), (3'64)

where f and «o(t) are the same as in Lemma 3.24.

3.6.2. In the future, we will also need a more detailed information
about Pr ru(t), when t = ¢ty + 7. Then the center of the Gaussian
beam lies exactly on IM(T, 7) (see Fig. 3.4).

Lemma 3.26 Let zg € OM and let T' C OM be an open neighbor-
hood of zy. Let ue(x,t) be the Gaussian beam that starts from the
point zg at time tg and propagates in the normal direction to OM.
Then, for any T < Tom(zo) and any eigenfunction ¢;, j =1,2,...,

(Prrpjs ue(t)) =

+2 m—1 1

= —ie" T 2" n T [det(—iH (t))]” 2uo 0 (D)p; (20, )9 (20, 7))

[SIES

+O(elmH0)/4y, (3.65)

where t = T + tg. Here ug(t) is given by formula (3.57) and H(t)
is given by formulae (3.53)-(3.55).
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Figure 3.4: Gaussian beam at the boundary of the domain of influ-
ence

Remark. This lemma is an analog of the last equation in formula
(1.77) of Lemma 1.24. As in Chapter 1, Lemma 3.26 will be used to
find the potential q.

Proof. When deriving this formula, we can replace the Gaussian
beam u. by the corresponding formal Gaussian beam U and use
the cut-off function that is equal to 1 in the ¢!/2~7-neighborhood of
point (z,7), 0 < o < 1/6.

Thus, in the boundary normal coordinates (z,n), we have

(Prroj,ul (to + 7)) = (3.66)

(Wé)_m/4 /le /_T exp (i6_19(z,n, to + 7')) .
N
: (Z U (Za n, tO + 7—) (ze)k> 90] (Zv TL)
k=0

g(z,n)x((|z — z0|2 + (n— 7')2)671+2U)d21 coed2™ Ydn + O(GK),

where K > 0 can be taken arbitrarily large, when N is sufficiently
large, and x(s) € C3°(R) is equal to 1 near s = 0. In the calculations
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below, we will replace S n_, ux(i€)* by the main term ugo(t) and @
by n—7+ % (H(t)(z—20). (z—20)). We leave as an exercise to prove
that the resulting error is of the order e(™+6/4 The main term of
integral (3.66) is then given by

% [ [ explie e 5o + 7)o = ). (2= )
Rm—1

-u0,0(to + 7)pj(20,n)\/ 9(20. n)dzdn =

= —iemHD/Am=D/20 =2/ et (—i H (to + 7))~ g 0(to + 7)-

(20, 7))V 9(20,7),

where we have used the formula
[t i — (o) R don (i),
Rm™ 1
when SH > 0. O

Exercise 3.27 Show that the remainder terms in formula (3.66) can
be estimated by Ce(™t0)/% This estimate can be obtained by integra-
tion by parts with respect to n and further analysis of the (m — 1)-
dimensional integral over z, taking into account that

/ ei(Hz,z)/ZZadZ -0
Rm—l

for odd |a.

3.7. Boundary distance functions

In section 3.6, we noted that Gaussian beams can be used to find the
distance between any point on a normal geodesic and any boundary
point. In this section, we will show how to do that to construct the
set of the boundary distance functions.
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3.7.1.

Lemma 3.28 For any zg,y € OM and s € [0,1(zg)), the gauge
equivalent boundary spectral data uniquely determines d(7yzy,(5),y)-

Proof. By Corollary 3.14, the boundary spectral data determine
uniquely ||Py ,u?/(t)||. Let f = f. be of form (3.41)—(3.42) with
V=1, ie.

fo(z,t) = (me) " *x(z,t) exp (i6_1®(z, t)), e>0.

We point out that, if uf(t), f = f. is the Gaussian beam propagating
along the normal geodesic, so is the wave u. ,(t) = u?/(t), f = fe.
As V(z) = p(z) for this Gaussian beam, Lemma 3.24 implies that,
for s < l(z0),

T || Pyt + to) | (3.67)

_{ l0(20)[*(9(20,0))2hy (t),  d(Vau(s).¥) < T,
0, d(Yagw(8),y) > T,

where

iy (£) = [det(SH ()] ~2|det (Y (5)] .
As Jo(20)|2(9(20,0))/?[det (SH (t))]~/?|det(Y ()| =" is strictly posi-
tive, we can find d(vz,,(s),y). O

In particular, the minimum of the function y — d(vz,.(5),¥y)
gives the distance, d(7g,.(s), OM), from 7, ,(s) to the boundary.
Thus, by increasing s, we can find the arclength [(zp), when the
geodesic 74, ,(s) hits the boundary for the first time. Similarly, we
can find the function, Tyr((zo) defined in section 2.1.16,

ronalz0) = {sups . (100 (5).70) = d(wzo,xs),aw)} |

s>0

3.7.2. Let x € M. Then the boundary distance function ry, which
corresponds to the point x is given by the formula

Tx<y) - d(X, y)a y e 8M7
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Figure 3.5: Boundary distance function

(see Fig. 3.5). The functions 7 : &M — R are continuous func-
tions. We use the mapping

R: M~ LOO(@M), X = Tx,

which assigns to any point x the corresponding boundary distance
function. Here L*°(9M) is the metric space with the norm

7]l oo ory = sup [r(z)].
z€OM
The image R(M) of the mapping R,
R(M) = {ry € L®(OM): x € M}

and is called the set of the boundary distance functions.

3.7.3.

Theorem 3.29 The gauge equivalent boundary spectral data
{OM, N, kodvpjlom, 7=1,2,...}

determine the set R(M).

Proof. By Lemma 2.10, for any x € M there is at least one nearest
boundary point z = z(x). The point x lies on the normal geodesic
from z at the arclength s = s(x) = d(x, OM),

X = Yo (5)
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(see Fig. 3.5). In particular, s < 7gr((z). Thus,

M= {raw(s): s€0,7om(z)]}.
zEOM

Note that this is not a disjoint union, because there may be several
shortest geodesics that meet at the cut locus (see Theorem 2.12).
By means of Lemma 3.28, for any z € M we can find tyr((z), and
further for any s € [0, 790¢(z)] we can construct the function

Tz,s = d(*yzﬁ,,(s),y)j y € OM.

Clearly, 7, = rx for x = 75,(s). Changing z and s, we construct
the set

R(M) ={rps € L®(OM) : z€ IM, s € [0,Tom(z)]}.

3.8. Reconstruction of the Riemannian mani-
fold

In this section, we will construct a differential and Riemannian struc-
tures on the set R(M) of the boundary distance functions. We will
show that the resulting Riemannian manifold (R(M),g) is isometric
to (M, g). Since all isometric manifolds are considered to be identi-
cal, constructing of (R(M), ) is equivalent to the reconstruction of
(M, g). We emphasize that just the knowledge of R(M) as a sub-
set of L°(9M) is sufficient to find the differential and Riemannian
structures on M. !

3.8.1. As R(M) C C(OM) C L*(dM), it is a topological space
with topology inherited from L>(9M).

Lemma 3.30 The mapping R : M — R(M) is a homeomorphism.

1t is well known that any manifold M can be embedded into Euclidean space
R? of a sufficiently large dimension, for instance, d = 2m + 1. In our case, we go
even further and embed M into an infinite dimensional space L*°(9M). For this
end, we use the embedding R : M — R(M).

© 2001 by Chapman & Hall/CRC



Proof. Let x,y € M. By triangular inequality,
HTX - TyHL“’(@M) < d(X,y), X,y € M. (368)

Thus, R is continuous. Next we show that R is injective.
Assume that rx = ry. Let

s= min 7x(z),
z' €OM

and z € OM be a point, where r«(z) = s. Then, by Lemma 2.10,
the point x lies on the normal geodesic, which starts from the point
Z, X = Y5,(5). Since the same is valid for y, we see that x =y.

Since, by definition, the mapping R maps M onto R(M), then
R is a bijective, continuous mapping defined on a compact set M.
These properties imply that R~! is also continuous and, therefore, R
is a homeomorphism. Although this is an elementary result of general
topology, we recall its proof for the convenience of the reader.

The continuity of R~ is equivalent to the fact that, for any closed
K C M, its inverse image with respect to the mapping R~ is closed.
In other words, this means that the set R(K) is closed. However, K
is compact, so that its image by a continuous mapping is compact
and, therefore, closed.

Hence, R~! : R(M) — M is continuous and R is a homeomor-
phism. O

3.8.2. Remark Let (M, g) be a geodesically regular manifold, i.e.,

i) For any x,y € M there is a unique geodesic 7 joining these
points.

ii) Any geodesic v([a,b]) can be continued to a geodesic y([a’, V])
whose end-points lie on the boundary.

Consider R(M) as a metric space (R(M),d) with the distance
inherited from L (M),

dOO(T'xaTy) = ||rx — TyHLOO(aM)-

Then the mapping R is an isometry, i.e.

doo(rx,7y) = d(X,y).
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Indeed, let y([a,b]) be the shortest geodesic from y to x. Continue
this geodesic to the shortest geodesic vy([d’,b]), where z = ~(d') €
OM. Then

rx(2) —ry(z) = [v([d",b])| = [7([d',a])] = b~ a = d(x,y).
Hence,
d(x,y) < dso(rx:Ty).

Together with inequality (3.68) this yields that d(z,y) = deo (74, 7y)-
This means that, if we know a priori that (M, g) is geodesically
regular, then (R(M), dw)) is isometric to (M, g) and the problem of
the reconstruction of (M, g) is solved.

However, in the general case,

R:(M,g) = (R(M),dw)

is not an isometry. Think, for example, about a two-dimensional
sphere with a small circular segment removed.

Nevertheless, as we will show later in this section, we can always
equip R(M) with a distance function that makes R an isometry.

3.8.3. As R: M — R(M) is a homeomorphism and M is a differ-
entiable manifold, also R(M) can be made a differentiable manifold.
However, there may be several differentiable structures on the topo-
logical manifold R(M). In this section, we will provide R(M) with
the structure of a differentiable manifold so that R becomes a diffeo-
morphism from M onto R(M).

Let r € R(M). Let S(r) € Ry and Z(r) € OM be defined as

0=

and Z(r) € OM as a point, where 7 attains its minimum, i.e.

We point out that this point Z(r) may not be unique. In this case,
we choose Z(r) to be any of these points. At last, let

I,={re RIM): r(z) =5(r)}, z € oM,
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and

Tom(z) = maxr(z).
rely
Let us explain the geometrical meaning of the functions S, Z, 74
and the set I',. Let x = R71(r), i.e. 7 =7x. Then S(r) = d(x,OM)
and Z(r) is a nearest point to x on M so that, in particular,

X =Yz (S(r)).

Moreover, Torm(z) = Tom(z) is the critical value defined in section
2.1.16 and

T, = R(Ya, ([0, Tom(2)])

is a part of the normal geodesic before the cut locus, w.
It is clear from these considerations that we can find the image
of win R(M). Indeed,

R(w) ={r e RM): S(r) = Top(Z(r))}-

Next, we consider an analog of the boundary normal coordinates on
RM\ w) = R(M) \ R(w). First note that, since R is a homeo-
morphism and the function s(x), defined in section 2.1.16, is con-
tinuous, s € C(M), the function S = so R™! is continuous on
R(M). Analogously, the function z(x), also defined in section 2.1.16,
is continuous on M \ w, so that the function Z = z o R! is con-
tinuous on R(M \ w). Let ro € R(M \ w) and zg = Z(rg). Let
V C OM be a coordinate neighborhood of zy having coordinates
(zL,...,2m= Y. Then (Z(r),S(r)) = (z,...,2™ L 5) define coordi-
nates on {r € R(M\w): Z(r) € V}. Since R: M\w — R(M\w)
is the identity mapping from the (z,s)-coordinates to the (Z,S)-
coordinates, we obtain the following lemma.

Lemma 3.31 The set of the boundary distance functions R(M) de-
termine uniquely the sets R(w) and R(M \ w) and the function

Tom- The pair (Z(r),S(r)) determines a system of coordinates on
R(M \ w), which makes the mapping R : M\ w — R(M \ w),

a diffeomorphism.
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3.8.4. As we know, the boundary normal coordinates are not ap-
propriate near the cut locus, w. However, near w we can use the
boundary distance coordinates introduced in section 2.1.21.

In this section, we define on R(M) an analog of the boundary
distance coordinates. To this end, we use the evaluation functions

Ez : R(M) - R+,

E,(r) =r(z).

Lemma 3.32 For any ro € R(M™) there are points z1,...,2, €
OM such that the functions EJ = E.;, j=1,....,m, form a local
system of coordinates in a neighborhood of rq. These coordinates,
together with the boundary normal coordinates, form a differential
structure of R(M), which makes the mapping R : M — R(M) a

diffeomorphism.

Proof. By Lemma 2.14, for any x € M™ e.g. x = R™!(r(), there
are points zi, . .., z,, € OM such that p’(x) = d(x,z;), j = 1,...,m,
define local coordinates near R=1(rg). Clearly,

(Egy(1),..., By, (1) = (d(R7Y(r),21),...,d(RY(r), 2m))

= (P (RH(r)), . P (RTH())

can be used as as local coordinates near ry on R(M) and the func-

tions (p!,..., p™) as coordinates near R™*(rp). We see that R : x —
rx is the identity mapping in these coordinates. Thus, the claim
follows. O

3.8.5. Now we are in the position to complete the reconstruction
of the Riemannian manifold. In this section, we use the evaluation
functions and the boundary distance coordinates to equip the dif-
ferentiable manifold R(M) with a metric g such that R: (M, g) —
(R(M),g) becomes an isometry.

Let us first show that such metric exists. Indeed, since R : M —
R(M) is a diffeomorphism, its differential dR|x : Tx M — T, R(M)
is an isomorphism (see Section 2.1.3). Hence, the formula

(dR|xv, dR|xw)g = (v,w)g, v, w € ToM,
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Figure 3.6: Boundary distance coordinates

z1 Z2

defines an inner product (-,-)z on Tr, (R(M)) and a metric tensor
g on R(M). This metric tensor g is the push forward of the metric
tensor g by the mapping R. It is then clear that the mapping R :
(M, g) — (R(M),g) is an isometry. However, since we do not know
(M, g), it is our goal to construct the metric tensor g from R(M).

Let 7o € R(M)™ and let z1, ...,z be such points of M that

(plv R pm) = (Ezl (’I”), s vEZm(T))

are local coordinates near 7y (see Fig. 3.6). Consider the evaluation
functions E,(r), where z lies in a neighborhood V' of zg = Z(rg) and
7 lies in a neighborhood of U of xg = R *(rg). As we know from
section 3.8.4,

E,(r) =d(x,z),

where x = R71(r). By Lemma 2.15, the function d(x,z) is a smooth
function of x € U and z € V, when U and V are sufficiently small,
and the vectors

{ Gradxd(x,2)|x, € Sx,M : z€V}

form an open set W of the unit ball Sx, M C Tk, M.
Hence, the set W,

W = {Grad, E,|,, € T,,R(M): zec V},
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is an (m — 1)-dimensional submanifold of 7,, R(M). With respect to
the yet unknown metric g, the submanifold W lies on S, (R(M)),
i.e.,

| Grad, Fy |y |7 = | Grad«d(x,2)|x,|g = 1, 2z € V.

We do not know g and, therefore, the canonical transformation I3
from covectors to vectors on (R(M),g), defined in section 2.1.4.
Hence, although we can find d, F,, we cannot find

Grad, F, = I;d, F,.
Let us, however, work with the known set W*,
W' ={d,Eglry € T),R(M): z €V}

Previous observations imply that W* C S; R(M) is open, where
Sy R(M) C T}y R(M) is the unit sphere with respect to the metric
tensor g. We use this observation to actually construct the metric
tensor g.

Lemma 3.33 The submanifold W* C T (R(M)) determines the
metric tensor g7k (r).

Proof. We remind the reader that we work in the local coordi-
nates pl,..., p"™ in R(M) so that E, = E,(p',...,p™). The 1-forms
dp',....dp™ form a basis in ;) R(M). As W* C S (R(M)) is open,
the set

R W= {a (8p1EZ,...,8meZ) ca€eRy,z€ V} ,

is an open cone in the cotangent space T;; R(M). Therefore, for any
pP=« (8p1EZ, ey 8mez) € R+W*,

F(p) = (p,p)5 = 3" (ro)pjpr = o. (3.69)

This equation can be used to find the metric tensor g. Indeed, since
F(p) is known in an open set Ry W*, we can find the differentials of
F. In view of (3.69),

apjaka(p) - gjk(TO)'

This equation, which is valid for any p € Ry W*, determines g in
the boundary distance coordinates p',. .., p™ at the point r. O
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Exercise 3.34 Prove that the diagonal elements G773 of the metric
tensor g are equal to 1.

Since the point ry € R(M)™ is arbitrary, we have constructed g
in R(M)™. Rewriting the metric tensor g in the boundary normal
coordinates and using its smoothness on R(M), we can find g on
whole R(M).

3.8.6. Summarizing the previous considerations we obtain the fol-
lowing result.

Lemma 3.35 Given the gauge equivalent boundary spectral data
{8Ma )‘ja H061/90]'|3/\/la ] = la 27 s }

of a Riemannian Schridinger operator —Ag + g, it is possible to
reconstruct the Riemannian manifold (M, g).

3.9. Reconstruction of the potential

3.9.1. Since we have already constructed the metric g, we can, in
particular, find the boundary volume element dS, and, therefore, the
factor 7 in the equation dp = ndS,.

Lemma 3.36 The gauge equivalent boundary spectral data of a
Schrédinger operator,

{8M7 )\]a ﬁoau@jb/\/la .7 = 17 27 s }a
determines the function kg.

Proof. Consider the Gaussian beam uc ,(x,t) that is generated by
the boundary source f. given by formula (3.41) with V' = 1 and
some matrix Hy. Using Corollary 3.14, we can find [|uc,(-,t)|| and
evaluate

T et (SH®) |det(Y (1)]

Since the metric tensor g is already known and Hy is in our disposal,
we can find SH(t) and Y (t). Using the above equation, this gives us
0(zo) > 0. Since p = Ko, we find k. O

||2 |Q(ZO)‘2\/ g(Z()aO))

lim |[ue,(t)
e—0
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3.9.2. The previous result reduces Problem 5 to Problem 4, where
the boundary measure dS, is known. Since the metric g is already
reconstructed, it remains to show how to find the potential q.

By Corollary 3.15, we can find the inner product

(¢r: Pysul (1)) = (Pyron,u! (t)

for any f, in particular, for f = f. of form (3.41)—(3.42) with V(z) =
1. We remind the reader that, in this case, v/ (t) is a Gaussian beam
that we have denoted by u.(t). Due to Lemma 3.26,

lim e ™HD/AP, o uc(t)) = (3.70)

e—0

m—2)/29(m~1)/2 uo,0(t)v/9(20,7)
det(—iH (1))

= —inl

(,Ok(Z(),T),

where t = 7+ to and 7 < Tor(20) and the right-hand side of (3.70)
is written in the boundary normal coordinates. As ugo(t) and H(t)
depend only on the metric tensor g, the boundary spectral data de-
termine ¢g(x) on M \ w, and, due to the continuity of ¢ (x), ev-
erywhere on M. As by Theorem 2.21, ¢1(x) # 0, the potential ¢ is
determined by the formula

Agip1(x) + Mp1(x)

x € M™,
p1(x)

q(z) =

3.9.3. Now we can formulate the final result for Problem 5 of sec-
tion 3.1.

Theorem 3.37 Given the gauge equivalent boundary spectral data
{8M7 A]a K08u§0j|8/\/1, ] = ]., 2, e }

of a Schrodinger operator —Agy 4+ q on a manifold M, it is possible
to reconstruct the Riemannian manifold (M, g) and potential q.

In particular, this result implies Theorem 3.3 as explained in
section 3.1.6.

Notes. The interest of the international mathematical commu-
nity toward the multidimensional inverse boundary spectral prob-
lems was attracted by Gel'fand [Ge] in 1954. These problems were
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first considered by Berezanskii. He studied the inverse problem for
the Schrodinger operator in a domain of R™ in the case of a small
potential [Br1]-[Br3]. A breakthrough in the study of these prob-
lems was achieved in mid-eighties. At that time, there appeared
two different new approaches to solve the inverse boundary spectral
problems.

The first approach is based on the use of exponentially growing
solutions. It was originally developed to study the fixed frequency
inverse problems, rather the inverse boundary spectral ones. We will
provide a more extensive description of the history of this method
in Notes to Chapter 4. Using this method, Nachman, Sylvester,
Uhlmann [NaSyU] and Novikov [Nv1] studied inverse boundary spec-
tral problems for the Schrédinger and some other types of isotropic
operators in R™ and proved global uniqueness results.

The other approach to inverse problems, which we will mainly
follow in this book, is based on the boundary control method. This
method was developed by Belishev [Bel] to study the inverse bound-
ary spectral problem for the acoustic operator —c?(x)A in a do-
main in R™. It heavily utilizes control theory for the wave equation.
The method is based on the study of domains of influence and in-
ner products of waves and goes back to the one-dimensional method
of Krein-Blagovestchenskii [Kr1]-[Kr4], [BI1]-[Bl3]. The boundary
control method was also used to study some other types of inverse
boundary problems (see, e.g., [BI2] and Notes to Chapter 4).

The coordinate invariance of the approach was first understood in
the study of the inverse boundary spectral problem for the Laplace-
Beltrami operator on a Riemannian manifold [BeKu3]. The gauge
invariance of the approach was observed later in the study of the
inverse boundary spectral problem for a general elliptic operator on
a manifold with boundary [Kul]-[Ku4]. The next logical step in the
development of the approach was related to Gaussian beams. They
were originally used for the dynamical inverse problem (see [BeKal]
and also Notes to Chapter 4). In the spectral case, Gaussian beams
were introduced to study the inverse boundary spectral problem with
incomplete data [KaKul], [KaKu2]. The boundary distance function
representation of a Riemannian manifold was introduced in [Kub|.
Our purpose in this chapter has been to combine these ideas to solve
the inverse boundary spectral problem for a general operator.
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Both these approaches have various extensions and generaliza-
tions. The approach based on the exponentially growing solutions
has been used to study inverse boundary spectral problems with in-
complete data [Iz], [Rm3], non-selfadjoint inverse boundary spectral
problems [Lal], stability of inverse boundary spectral problems [Al],
and inverse problems for the Maxwell equations [La2].

The approach based on the boundary control method has been
used also to study inverse boundary spectral problems with incom-
plete data [KaKul], [KaKu2], non-selfadjoint inverse boundary spec-
tral problems and inverse problems for operator pencils [KuLal],
[KuLa2], stability of the inverse boundary spectral problems [KKulLa]
and to construct numerical solutions of inverse boundary spectral
problems [BeKa2], [BeRFi]. The inverse boundary spectral prob-
lems for the acoustic equation was also analyzed by the moments
method in [KuSr|, [KuPe].
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Chapter 4

Inverse problems for the
wave and other types of
equations

This chapter is devoted to various generalizations and extensions of
the approach developed in Chapter 3. We will pay special attention
to the inverse problems for the wave equation, due to both the impor-
tance of such problems and the hyperbolic nature of our approach.

In section 4.1, we will consider a number of inverse boundary-
value problems for the wave and heat equations and also for the
original elliptic operator. We will reduce them to the inverse bound-
ary spectral problem. In particular, we will show the solvability of
the inverse boundary-value problem with data given by the energy
flux.

Section 4.2 deals with the inverse boundary-value problem for
the wave equation with data given on a finite time interval. It is
shown that, in this case, the reconstruction is possible in a collar
neighborhood of the boundary.

In section 4.3, we will show how to continue the boundary data
for the wave equation, which are given on a sufficiently large time
interval, onto the infinite time interval. For the heat equation, the
construction is possible for any finite time interval.

In section 4.4, we will develop a variant of the approach described
in Chapter 3, when the boundary spectral data are given on a part of
the boundary. In the last section, we will apply the results of Chapter
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3 to study some practically important inverse boundary problems
in domains of R™. In particular, we will analyze, how additional
information about the operator can be used to reduce the admissible
group of transformations and, in many cases, prove the uniqueness.

4.1. Inverse problems with different types of
data

4.1.1. In this section, we will consider inverse boundary value prob-
lems, that are equivalent to the inverse boundary spectral problem.
In particular, we will consider inverse boundary-value problems for
the wave equation,

O*u+a(x,Dyu=0, in QT =M x][0,T], (4.1)

(see section 2.3.1), where a(x, D) is an elliptic differential expression
given by formula (2.30),

a(x, D)u = —m_lg_l/Qaimglﬂgijaju + qu. (4.2)

We will also consider an inverse boundary value-problem for the heat
equation,

ow+a(z,D)w=0, in Q.

Moreover, we will consider different kinds of physically meaningful
boundary data for these equations, as well as for the corresponding
elliptic operator introduced in sections 2.2.3-2.2.4,

Au = a(x,D)u, D(A) = H*(M)N HH(M).

Our aim is to explain how various inverse problems for all these oper-
ators can be transformed to the inverse boundary spectral problem.
Before that, in sections 4.1.2-4.1.5, we will consider different sets of
boundary data used in inverse problems.

4.1.2. One of the most important concepts of physics is that of
energy. For wave equation (4.1), an appropriate energy form F(u,t)
is given by the formula

E(u,t) = Ejp(u, t) + Ep(u,t). (4.3)
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Here

1
Eint(ua t) =35 /M(|8tu(xv t)|2 + | Gradu(x, t)|52)+

2
(0 lu(x, D) 2)m(x)dV; (x). (1.4
But) = 5 [ o(9lutet)mx)as, 0

are the interior and the boundary energy forms. The real valued
function o, o € C°°(0M) in the boundary energy form Ej is called
the Robin coefficient.

Simple computations, based on integration by parts, show that
for a wave u(x,t),

T
E(u,T) - E(u,0) = ?R/ / (=0yu + ou)dumdSydt.  (4.5)
0 oM

Note that the sign minus in formula (4.5) appears because v is the
interior normal vector. Formula (4.5) makes natural the following
definition of the energy flux TI7" through the boundary,

T
" (u) = 3%/ / (=Oyu + ou)dpumdS,dt. (4.6)
0 oM

Physically, the energy flux I1?" tells how much energy comes through
the boundary during the time interval from 0 to T

4.1.3. Inverse boundary-value problems for wave equation (4.1),
which we study in this section, are related to the Dirichlet initial-
boundary value problem,

*u+a(z,D)u=0, in QT (4.7)
ulgr = f, T =M x[0,T], (4.8)
u|t:0 = 0, 8tu\t:0 =0. (4.9)
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As in Chapter 3, we denote the solution of this problem by u = uf
to indicate the boundary source f. For this initial boundary-value
problem we define the response operator A”, which is also called the
hyperbolic Dirichlet-Robin map,

AT f = (—9,u + ouf)|gr. (4.10)

This map corresponds to the energy form (4.3)—(4.4).

We consider AT as an operator in the space > (X7

(4.11)
C= Ty = {f e (=) : supp (f) € OM x (0,T]}.

The graph of the operator A” is the set of all admissible Cauchy
data,

(ulypr, (—0yu+ ou)|sr), (4.12)

of the solutions of initial-boundary value problem (4.7)-(4.9).

Obviously, the Dirichlet-Robin map A" determines the energy
flux TIZ (u/), for any given f, if we know mdS,. Another important
object, determined by A’ is the boundary form B”, which is given
by

T JR— [
BY[f,n] = / 8M(3,,ufuh—uf8,,uh)md5’gdt (4.13)

/T/ (ATfh — fATh) mdS,dt.
0 oM

The boundary form BT has a semi-symplectic structure in the follow-
ing sense. Consider the pairs (f,h), f,h € C(X7) with the natural
symplectic form,

w((f1,h). (f2, h2)) / / (fiha — hi f2) mdS,dt.

Then, BT is the restriction of the symplectic form w to the graph of
AT, We note also that the form B? does not depend on the Robin
coefficient o.
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4.1.4. The inverse boundary-value problem for the heat equation
is related to the initial boundary-value problem for w = wf(x,t),
satisfying

dw + a(x,D)w =0, in QF, (4.14)

wlsr = f, wli=o0 = 0.

Analogously to the hyperbolic case, we define the parabolic Dirichlet-
Robin map, i.e., the response operator for the heat equation, by the
formula,

LTf = (-9,w! + ow’)|sr.
Clearly,

LT G ey — ¢ (xh).

4.1.5. Other types of inverse boundary-value problems that we will
discuss in this section are related to the Dirichlet problem for the
Helmbholtz equation,

(—a(x,D)+ A\)v =0, (4.15)

vlom = h,

where A € C is a given parameter and h € C*°(0M). We denote
the solution of this problem by v = v"(x, A). The Dirichlet problem
(4.15) is closely related to the operator A, introduced in sections

2.2.3°2.2.4,
Au = a(x,D)u, D(A) = H*(M)N Hj(M). (4.16)

In particular, problem (4.15) has a unique solution, when X & {\;} =
{A\j: 7=1,2,...}. We remind the reader that \; are the eigenval-
ues of the operator A, while ¢; are the corresponding orthonormal
eigenfunctions. The elliptic Dirichlet-Robin map A, is given by

Ayh = —9,0" + th|aM, A {\}

This map is continuous in C*°(9M). Later we will show that Ay
depends analytically on A € C\ {)\;}. Hence, its Schwartz kernel is
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a distribution Ay (x,y) € D'(OM x M), which also depends ana-
Iytically on A € C\ {\;}.

To give a representation of this kernel, we use Green’s function
that corresponds to the operator A,

(—a(x, D)+ N)Gi(x,y) = —dy(x), (4.17)

G/\(Xa )’)‘xeaM = 0>

where dy is the Dirac delta-distribution, corresponding to the volume
element mdV, on M. Distribution G,(x,y) with x, y € M is, in
fact, the Schwartz kernel of the resolvent Ry, defined in section 2.2.5.

Green’s function Gy(x,y) is a smooth function of (x,y) outside
the diagonal D = {(x,x) : x € M}. Therefore, we can define the
Robin derivative,

(2 )~ o+ (y)) Gl (). . 0(0)

when (x,s) # (y,t), where x,y € OM and ¢, s > 0 are small enough.
We remind the reader that 7y, is the normal geodesic from the

boundary (see section 2.1.14).

Lemma 4.1 The Dirichlet-Robin map Ay has the representation,

Axh(y) = (4.18)

= —/ (=0u) + 0 (x))(=Ou(y) + 0 () Galx, y) h(x) m(x)dS (x),
oM

The kernel —(0,x) — U(X))(%(y) —0)G\(x,y) of the operator Ay is
understood as the limit,

—(Oy(x) = 0(x))(Oy(y) —o(¥))GAlx,y) =

0

= Jim lim (2 — 0(30) (5 ~ 0(y))Cr(a (), ByulD)), (4.19)

which is defined in D'(OM x OM).
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Proof. Let h € C*®(OM) and let v = v"(y) be the solution of
problem (4.15). Integrating by parts and using definition (4.17) of
Green’s function, we see that

v(y) = /BM Ou(x)GA(X,y) h(x) m(x)d S, (x).

Since G (x,y) satisfies boundary condition (4.17) and is symmetric
with respect to x and vy,

o(y) = /6 (B9~ o)) Ga(.)h0) m(x)5, ().

Thus,
0
9 v alt) =
o (0
= [ 22 00 0r(reals). s (0)R0) m(x) Sy (x)
oM S s=0
By letting ¢ — 0, the claim follows. a

Lemma 4.1 implies that the Schwartz kernel of the operator Ay
is given by limit (4.19). When X runs over C\ {};}, these data, i.e.,
the distribution,

_(81/(x) _U(X))(au(y) _U(Y))GA(Xa Y)|x,y€6M7 A€ C\{A]}a

are called the Gel'fand data. Hence, the Dirichlet-Robin map Aj,
where A € C\ {);}, determines the Gel'fand data and vice versa.

4.1.6. We are now in the position to formulate the inverse problems
to be considered in this section.

Let M be an unknown compact manifold with boundary and
A = a(x,D) be an unknown differential operator on M of form
(4.2), (4.16). Let o be an unknown smooth real function on oM.
We consider the case when the boundary measurements are given on
the set X = 3°°,

¥ =9IM x (0,00),

i.e., for T = oo. In this case, we denote by II = II*°, A = A,
and L = L* the corresponding energy flux and the hyperbolic and
parabolic Dirichlet-Robin maps and by B = B> the corresponding
boundary form.
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Problem 6 Is it possible to determine the manifold M and the orbit
o(A) of the operator A with respect to the group G of gauge trans-
formations, that is, the set

{ax(x,D): k€ C®*(M), k>0 in M},

when we are given OM and, in addition, one of the following bound-

ary data:

I. Hyperbolic data.

1.

140

Energy flux through boundary. In this case, we are given
the energy fluz T(uf),

(uf) = 3?/ / (=0,u + oul)dpus mdS,dt,
0 oM

where ul is the solution of the initial-boundary value problem
(4.7)-(4.9) for an arbitrary f € C§°(X).

Hyperbolic Dirichlet-Robin form. In this case, we are
given the form A corresponding to the operator A,

A[f,h] = / / (—opu! + ou yuh mdS,dt,
0 oM

where f,h € C§°(X).

Hyperbolic boundary form. In this case, we are given the
boundary form B,

Blf,h] = / / (B, uluh — uf B, ul) mdS,dt,
0 oM

where f,h € C(X).

II. Parabolic data.

w. In this case, we are given the form L corresponding to the op-

erator L,
Lf,h] = / / (—=0,w! + ow!)wh mdsS,dt,
0 oM

where w! and w" are solutions of initial-boundary value prob-
lem (4.14) corresponding to f,h € C§°(X).
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ITI1. Elliptic data.

v. Elliptic Dirichlet-Robin form or Gel’fand data. In this case,
we are given the form Ay for X € C\ {)\;},

Al f] = / (=0,0" + ov")oT mds,,
oM

where h, f € C*(OM), or, alternatively, the Robin derivative
of Green’s function,

(*3,,(,() +0o(x)) (*au(y) +o(y)) Ga(x, Y)|(x,y)€6/\/l><8/\/la (4.20)
for X € C\ {\;}.

vi. Boundary spectral data. In this case, we are given the
eigenvalues \; and the normal derivatives, 0,pjlam, of the
normalized eigenfunctions of A,

A, Ovpjlom s G=1,2,...}.

To clarify some details of these problems, we make the following
remarks.

Remark. We note that, in data v., the Dirichlet-Robin form de-
pends analytically on A € C\ {\;}. Actually, we will show that it is
a meromorphic function of A € C with values in the space of bound-
ary forms. This implies that Ay, A € C, is uniquely determined by
its values on any set X C C, which has an accumulation point. We
note also that the form A and the Robin derivative (4.20) of Green’s
function are equivalent, when the boundary measure mdS, is given.

Remark. Often in practice, the given information is the Dirichlet-
Robin operator, rather than the corresponding form. This means
that we know a priori the boundary measure mdS,. As we are in-
terested in gauge-invariant solutions, we prefer to work with forms.

Remark. Note that the Robin coefficient o is, in general, unknown.
In cases iii. and vi., the data is independent of o, so that this coeffi-
cient cannot be found from these data. However, in the other cases,
o can be found and its determination is a part of solution of the
corresponding inverse problem.
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Finally, we note that the inverse problems with data, analogous
to i.-vi., can be posed for the Robin initial-boundary value problem,

O*u+a(x,D)yu=0, in QT
Oyu + oul|yr = f,

u|t:0 = 0, at’u/‘t:() =0.
This case can be considered similar to the Dirichlet one.

4.1.7. As in Chapter 3, we would like to reconstruct (M, A) in
a gauge-invariant way. Therefore, we need also to consider what
happens to the data i.-vi. in gauge transformations. We remind the
reader that a gauge transformation is given by the formula,

Seu(x,t) = rk(x)u(x, t),

where k € C*°(M),and £ > 0 on M.

First we will consider the hyperbolic data. Let u(x,t) be a so-
lution of wave equation (4.1) Since k(x) is independent of ¢, then
u(x,t) = Sxu(x,t) is a solution of the following wave equation,

O+ ax(x,D)u=0, in QT (4.21)

where a,(x, D) is the gauge transformation of the operator a(x, D)
given by (2.49). Then, the Cauchy data of the solution u takes the
form,

(=0 + o) |sr = Klgm(—Ovu + ou)|sr,

where the Robin coefficient o, for wave equation (4.21) is given by
the formula,

on =0+ K1 8,,1@!(9/\4 . (4.23)
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This formula defines the transformation rule for the Dirichlet-Robin
map AT, T > 0, due to a gauge transformation. Namely, by formula
(4.22),

AT = S oAToSTE ko= Klom, (4.24)

where AT is the Dirichlet-Robin map for wave equation (4.21) with
the Robin parameter o,. The transformation rule for the Dirichlet-
Robin map implies the transformation rule for the Dirichlet-Robin
form and the hyperbolic boundary form. Namely,

A"[kof, koh] = AT[f, b, (4.25)

where AT is the Dirichlet-Robin form for the transformed problem,
and

gT[K“Ofv ’ioh’] = BT[fa h]v (426)

where BT is the hyperbolic boundary form for the transformed prob-
lem,

BL(f. k] —/T/ (AT f R — fATh) m,.dS,dt (4.27)
b) K g . .
0 oM

Two forms F and F are gauge-equivalent with respect to a gauge
transformation Sy, on the boundary, if

F[-.-]=F[S!, Sk . (4.28)

0
In this case, we say that F= SioF. In particular, AT = SNOAT and
Bl =S, B
It follows from definition (4.10) of the Dirichlet-Robin map, that
7wy =R [ AT f0,f mdS,dt.
»T

Thus, the transformation rule for A7, given by formula, (4.24), implies
that

7@ =’ (), f=S.T.
Here @/ is the solution of wave equation (4.21) with the initial and
boundary data,
Wgr =f. @h=o=0, Ol =0,

and II7 is the energy flux for wave equation (4.21).
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4.1.8. The transformation rules for A, B”, and II*" were obtained
in the previous section in a rather formal way. However, these trans-
formation rules have a deep physical foundation. Indeed, the notions
of the energy flux and, therefore, the Dirichlet-Robin and hyper-
bolic boundary forms, are based on the notion of energy (see sec-
tions 4.1.2-4.1.3). It is the gauge-invariance of energy, which un-
derlies the transformation rules of AT, BT, and TIT. As the energy
is a basic physical concept, the gauge-invariance of energy means
that all gauge-equivalent differential operators have the same phys-
ical meaning. Hence, the boundary data, which corresponds to the
gauge-equivalent operators have to be gauge-equivalent.

The invariance of the energy with respect to gauge transforma-
tions is described in the following lemma.

Lemma 4.2 Let u(x,t) and u(x,t) = Syu(z,t) be solutions of wave
equations (4.1) and (4.21), correspondingly. Then,

E(w,T)= E(u,T),
where

E@,T) =

= %/ (|0pu(x, )2 +| Gradu(x, t)|§+q,.i(x)|il(x, t)|2) My (x)dV,(x)
M

1

5 /aM 0 (O[ii(x, ) P (x) S (x)

and g, My, and o, are given by (2.52) and (4.23).

Proof. Integrating by parts the term in the right-hand side of this
equation, which corresponds to | Grad u(x, t) |_(2], and using wave equa-
tion (4.21) yields the claim. O

4.1.9. To consider the behaviour of the parabolic and spectral
data with respect to gauge transformations, we first notice that the
Cauchy data of the solutions w/ of heat equation (4.14) and v" of el-
liptic boundary-value problem (4.15) are also transformed according
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to transformation rule (4.22). This immediately implies the trans-
formation formulae for the Dirichlet-Robin maps,

I = SyoL"oS.t (4.29)

AAfSKOOAAOS

KO ?

where LT and KA are, correspondingly, the parabolic and elliptic
Dirichlet-Robin maps related to the operator Ay, ko = k|ar. Then,
for the corresponding boundary forms, LT and A A, we have that LT =
SKOL and Ay = S, A\ Because the Gel'fand data is the Schwartz
kernel of the operator A with respect to the volume measure mdS,,
formula (4.29) implies that

_(_81/()() + U(X)) (_81/(y) + Gﬁ(y)) é/\(X, y)|8/\/l><8/\/l =

= —ko(x)r0(¥)(—0y(x) + (X)) (= 0y +o(¥))GA(X, ¥)[omxom:

where G, (x,y) is Green’s function of the operator A,.
4.1.10. The rest of this section will be devoted to the transforma-
tion of boundary data i.-v. to the boundary spectral data.

We start with the hyperbolic data. The bilinear energy flux form,
which we continue to denote by II, is given by the formula

1 o0 — —
I[f,h| = —§R/ (AfOrh + O fAR)mdS,dt.
2 Jo Jom
Clearly, the energy flux TI(uf), given for any f € C§°(Y%), determines

I1[f, h] for any real valued f,h € C§°(X;R). Since the coefficients of
a(x, D) are real, Af and Ah are also real, so that

1 0.)
T[f,h] = 5/0 /8M(Af8th+8thh)mngdt,

where f,h € C§°(X;R). Therefore, it is possible to compexify the
form II to obtain a complex-bilinear form Il¢,

Tolf,h] = % /0 h [ (Afons o Amasydt. (130

where f,h € Cg°(3;C).
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Lemma 4.3 Given any of the forms A, B or 11, it is possible to
uniquely determine the bilinear form Ilc.

Proof. We have already proven the claim for the energy flux 11, and,
therefore, for the form A.

Let f,h € C§°(X; C). Integrating by parts the term in the right-
hand side of (4.30), which corresponds to Af d;h, and taking into
account that 0;(Af) = A(0:f), shows that

B[atfaﬁ] - 2HC[fa h’]

4.1.11. To construct the boundary spectral data from the form
IIc, we need to consider the relations between the hyperbolic and
elliptic Dirichlet-Robin forms. Corollary 2.46 implies that, for any
€ C5°(OM x R) with supp (f) C X,

lu() ]2 + 167u(®)llo < C1e%"| fll2,052). (4.31)

10 u(t) | 1,o5e) < Cre®* (| f ]l 2,051)-

We remind the reader that we denote by [|v]|(sq) the norm of a
function v in H*%(Q) and by ||v||s the norm of v in H%(M) (see the
end of section 2.2.6).

Hence, the Fourier transform 4(x, k) of u = uf (x, t) with respect
to time,

u(x, k) = Flu(x,-))(k) = /Re_iktu(x, t)dt

is an analytic H?(M)-valued function of k for Sk < —Cy. Anal-
ogously, F(d,u|orxr)(k) is an analytic H'/2(dM)-valued function
of k£ in the same half plane.

Moreover, for f,h € C§°(X), the Plancherel theorem implies that

/aM/ AJOh(@)dtmdSy /aM / e (t)et h(t)dimds,

oo+ /\
/ / Vh(k) dk mdS,, (4.32)
oM

oo—H,,u
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for any p > Cs. Taking the Fourier transform with respect to t in the
initial-boundary value problem (4.7) (4.9) and using estimate (4.31),
we see that

(a(x, D) — k*)u =0, (4.33)
dloam = f(k),
for §k < —Cy. This yields that
AF(k) = Mg (F(R)). (4.34)

Next we consider the energy form.

Lemma 4.4 Let f,h € C{°(X). Then, there is po > 0, such that,
Jor > po,

lic[f.h] = / / Mgz f(—k) h(k) kdk mdS,, (4.35)
omJL,

where the contour L, is the boundary of the strip {k : [3k| < u},
which is oriented in the positive direction (see Fig. 4.1).

Proof. Step 1. Formula (4.32) and definition (4.30) of Il¢, show
that

Hclf,h] = (4.36)

oo—i—zu N R R
/ / Akg —k) kh(k) + Ap2h(—k) kf(k)) dkmdsS,
oM

oo+

_ </oo+w A2 J (=) kh(k) d—

AT Jom —o00+ip

_ / T AR T (=) dk) mds,.

—0cOo—ifL
Step 2. We observe that

F(=k) Ao h(k)mdS, = | Awef(—k)h(k)mdS,.  (4.37)
oM oM

Indeed, ;?(x, k) and @(x, k) satisfy elliptic equation (4.33). By the
second Green identity, this implies relation (4.37).
Combining (4.36) and (4.37), we get the claim. O
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Figure 4.1: Contour L,

4.1.12. In this section, we will show that the elliptic Dirichlet-
Robin map is a meromorphic operator-valued function with first-
order poles at the eigenvalues A; of A. This will make it possible to
later evaluate the integral in the right-hand side of (4.35) as a sum
of residues.

Let us group together all equal eigenvalues, so that we have a
sequence of sets L, C Zy, n = 1,2,..., such that (J,—; L, = Z4
with /; and Iz belonging to the same set L,,, if and only if A\;;, = Aj,.
Sometimes we will use notations A(,,) for the eigenvalue corresponding
to Ly, and L();) for the set L, with A,y = A;j. We remind the reader
that, for functions f,h € L*(OM,mdS,), we denote

(fih) = fhmdS,, (4.38)
oM
(see (2.27)).

Lemma 4.5 Let f,h € H32(OM). Then A[f,h] is a meromorphic
function of A, which may have first-order poles only at the eigenvalues
Aj of A. Moreover, in a vicinity of any eigenvalue \j,

ANfH) = —

W Z <fa 81/(;0l> <E, 8u<Pl> + H/\ [fa h]a (439)
T 1er()))
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where Hy[f, h] is an analytic function of X in the vicinity of X;.

Proof. Step 1. Let h € H*?(OM). Denote by E" € H*(M) an
extension of h into M, such that Eh‘aM = h and

IE"|l2 < cllhll3/2,0m)- (4.40)

The existence of E" is guaranteed by the trace theorem (see section
2.2.2). Let v"()) be the solution of Dirichlet problem (4.15). Then,
v — E" € D(A) and

(A= XN)(" — E") = —(a(x,D) — \)E".

Using spectral representation (2.37) of R(A) = (A — X)L, we see
that R()\) is a meromorphic operator-valued function of A. Thus,

v"(\) = E" = R(\)(a(x, D) — \)E", (4.41)
is a meromorphic H?(M) -valued function of A\, which may have

first-order poles only at A € {\;}.

Step 2. Compute the Fourier coefficients of v"(k) with respect to
the eigenfunctions ¢;, which are assumed, without loss of generality,
to be real-valued. Integrating by parts, we see that

0 = ((a(x, D) — No"(\), @) =

~ =N - | _ hdpmds,

Thus,

1

vh/\, =
e =5 |

h 0,1 mdS,.

Let

Pj: IA(M) = L*(M),  Piv)= Y (v, 0)¢
I€L()})

be the orthoprojection to the eigenspace corresponding to A;.
The formula

1
(1-P)RMNF = > o (el
1ZL(r)
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defines a bounded operator from L?(M) to H?(M), which depends
analytically on A near )\;. Hence, it follows from formula (4.41),
that 9, (1 — P;)v"(\)|opm € HY?(OM) depends analytically on \ in
a vicinity of A;, and

1

8V(Pjvh(>‘))|8/\/l = Z ()\ — )\/ hal/SOl mdsg) au@l‘@/\/l-
leL(y;) N7 oM

Thus,

r_es A>\h = Z (/ ha,,(pl mng) 8,,(,01|3M € C°°(8./\/l)
A=A leL(x;) oM

Equation (4.39) immediately follows from this equation. O

4.1.13. Lemma 4.5 shows that integral representation (4.35) can
be used to find the energy flux Il¢ by means of the residue theorem.
Applying this idea, we will prove an analog of the Trotter formula.

Lemma 4.6 Let f,h € C§°(X). Then, the complexified energy flux
form, Uglf, h] can be represented as the following sum,

telf. = 3 3 ((FVA). ) (V). 0, )

* <ﬂ_ﬁj)’ 8U<Pj> <E(ﬁj)78u(ﬂj>> . (4.42)

We remind the reader that p; are taken to be real-valued. The branch
of the square root is obtained by using the cut along the half-line
arg(z) = —m/4.

Proof. Step 1. We start by proving the estimate

2241
1AsAl @ s.omp < C— I s j2a00 (4.43)

dist(x, {\;}

Using spectral representation (2.37) of the resolvent R(\), we observe
that

Al+1
<oMNT-
IR z2(M)— 2(m) < Cdist(/\, {Ah)
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Figure 4.2: Contour I';,

Estimate (4.43) follows from this inequality, if we take into account
representation (4.41) of v"(\) together with estimate (4.40).

Step 2. Since f,h € C3°(X), the Paley-Wiener theorem yields
that

1F(B) 372,00 < Cw (1 (KDY, (4.44)

1R (k) | 3/2,0m) < Cn(1 + [K) 7Y,

when k lies in the strip, {k : |Sk| < p}, and N > 0 is arbitrary.
Thus,

R R —N
Apz f(z, —k) h(z, k) mdS,| < Cfvd(l nallil) (4.45)

ist(k?, {\;})

Step 3. Due to Weyl’s asymptotics (see Theorem 2.21), the num-

ber n(r?) of the eigenvalues of the operator A, which are less than
r2, satisfy the estimate

oM

n(r?) < C(1+r3™2, r>0. (4.46)

Therefore, there is an interval (a,, b,) C [r?,r2+1], such that b, —a, >
¢(1+ 7)™ and this interval does not contain any eigenvalues of A.
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This makes it possible to choose a sequence 7, — 00, such that
d(r2, {\}) > c(1+r,) ™.

Using the above estimate, we obtain that

Hc[f, h] = — lim Mgz F(—k) h(k) mdS, kdk,

417 n—oo IM

where the contours I';, are the boundary curves of the rectangles {k :
|RE| < 7, |Sk| < p}, which are oriented in the positive direction
(see Fig. 4.2). Applying the residue theorem to this equation and
taking n — 0o, we obtain representation (4.39). O

In future, we will need the following corollary.
Corollary 4.7 For any f € C§°(X) and N > 0,
(F(VA)), 0007 | < Crv g™,
Thus, the sum in the right-hand side of (4.42) converges absolutely.
Proof. The Garding inequality (see Theorem 2.22) implies that
10ueill0arm < clejllz < e(L+ ) < g™,

where the last inequality follows from Weyl’s asymptotics. Hence,
the assertion follows from the Payley-Wiener theorem. O

4.1.14. In this section, we will show how to use formula (4.42) to
find all eigenvalues \; of A and the corresponding sums

> dpi(x) daly). xy € OM. (4.47)
lEL,

We start with the following equation
MelY-f,Y-h] =c¢l[f,h], 7>0, (4.48)
where Y, is the time-delay operator,

Y:f(x,t) = f(x,t—7), T€R. (4.49)
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This equation is obvious for f,h € C§°(X) and can be used to define
the form IIg[f, k| for f,h € CF(OM x R).
Consider IIg[Y; f, h]. By Lemma 4.6,

olVefotl = 3 32 (¢ Qui) k)] + (450

o~

e Qu I F(—kn), hlkn)])
where k;, = \/An) = \/Aj for j € Ly, and

Qnlhn, ha] = Y (b1, 0up;) (ha, Duipy),

JE€Ln

when hy, hy € L?(OM). Formula (4.50) can be used to determine k,,
and the forms @Q),. Indeed, take functions f and h of the form

fx 1) = Fx)x(t),  h(x,t) = H(x)x(1),

where x € Cg°(R) and F,H € C*°(OM). By direct computations,
we obtain that

clYz /.1 f:l k)X (kin) Qul ', H] = me(7) + my(7).
Here, -
me(T) = k2<ocosh(iknr)>?( kn) X (k) Q[ F, H], (4.51)
and n
m(T) = k;g cos(knT)|X (kn)|*Qu| F, H. (4.52)

The sum m.(7) consists of a finite number of terms that grow expo-
nentially when 7 — oo or 7 — —o0. By Corollary 4.7, the sum (1)
converges uniformly with respect to 7 and is uniformly bounded when
7 € R. Analyzing the asymptotics of Ilc[Y;xF, xH], when 7 — oo
or T — —oo, we find the exponentially growing terms, m (7). Vary-
ing x, F, and H, we then find all eigenvalues A,y = k2 < 0 and the
bilinear forms @[ ,-] that correspond to these A(n)- As we know
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e [YrxF, xH] and 7.(7), we find m(7). The uniform boundedness
of m(7) implies that its Fourier transform is a temperate distribu-
tion,

RO = 30 o (6(C k) + 8(C + ) R (k) PQu[F ).

k2>0

Varying x, F', and H, we find all eigenvalues A, = k2 > 0 and the
corresponding bilinear forms @Q,[-,-].
Summarizing, we obtain the following result.

Theorem 4.8 The energy flur form Ilc uniquely determines the
eigenvalues \;j of A and the quadratic forms Qy, i.e., their kernels

> 0vi(x) uipi(y) m(x)m(y)dS, (x)dS,(y). (4.53)
IEL(A;)

We note that the multiplicity of an eigenvalue \; is just the dimension
of the mazximal subspace of L?(OM), where Qn, j € Ly, is non-
degenerate.

4.1.15. The knowledge of kernels of quadratic forms @, given
by formula (4.53) does not allow us to find the functions 9,¢;|om
uniquely. There are two reasons for this. First, if the eigenvalues
A(n) corresponding to L, are not simple, that is, their multiplicity
N = N(n) > 1, then the choice of the corresponding orthonormal
eigenfunctions ¢;, [ € L,, is not unique. Indeed, we can find ¢; only
up to an orthogonal transformation from the group O(N). Second,
if we do not know the boundary measure mdsS,, we can find 9,¢;|am
only up to a gauge transformation on the boundary. Next, we will
show that this is the only non-uniqueness in the reconstruction of

dveilom from Q.

Lemma 4.9 Let the form Qy]-, -] be given on C®(OM) x C*(OM).
Then it is possible to determine functions Cx, | = 1,...,N(n), such
that

Ck(x) = U(X)aulbk (X), X € OM, (454)

where n € C®°(OM) is positive and Yy, k = 1,...,N(n), form an
orthonormal basis in the eigenspace of A, corresponding to the eigen-
values ().
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Proof. It is sufficient to show that @, determine the functions (g,
such that

N
X) Z aklau<)05+l(x)a x € OM.

Here n(x) > 0, the matrix [akl]kN,l:1 € O(N), @s4; are the eigen-
functions of A used in section 4.1.14, and s is a integer such that
L,={s+1,...,s+ N}.

First, let du be an arbitrary smooth positive measure on M.
Then there is n € C*°(OM), n > 0, such that mdS,; = ndu. There-
fore, the quadratic form @,, determines an integral operator Q in
L?(OM,dy), such that

Qulf. 1 Z/W(Qf)( 2) () du(z).

The operator Q has a distribution kernel,

ZT/ u(ps+l( )8V¢S+Z(Y)a (455)
with respect to the measure dy. Thus, the knowledge of @, de-
termines the kernel (4.55). Since 0,¢siilom, [ = 1,..., N are lin-
early independent, the dimension of the range of Q is N. Thus,
we can choose points x1,...,xy and a basis of real-valued functions
e1,...,en € Q(L?(OM)) C C°°(dM), such that

er(X;) = Og;. (4.56)

Therefore, there is a non-degenerate matrix B = (k] %:1, such that

N
N0y sl = Y Biker. (4.57)
k=1
Considering kernel (4.55) at points x1,...,xy and taking into ac-

count equations (4.56) and (4.57), we obtain that

N

> n(wp)n(x9)00pssi(p) Ovpsii(g) =
=1

N
=33 (St )t =S

k=13j
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Hence, we know the matrix B!B. Next we use the polar decomposi-
tion, B = UP, of the matrix B. In this decomposition, P = [Py;] =
(B!*B)'/? is known and U € O(N). Let

Zpkjej

Then the functions ¢y satisfy equation (4.54) with [ay] = U~L. O

Remark. Analyzing the procedure of constructing the manifold M
and the operator A given in Chapter 3, we see that it is not the
individual Fourier coefficients of the waves, but the inner products,

e}

(! (), u"(s)) =D uf (t)u(s), (4.58)
j=1

that are needed in this reconstruction procedure (see, e.g., Theorem
3.7 and thereafter). We observe that, by using just the quadratic
forms @Q,,, we are able to find the sum (4.58).

Summarizing the previous results, we have shown the following
lemma.
Lemma 4.10 Assume that any hyperbolic data, i.e., either of the
forms A, B, or the energy flux Il is given. Then it is possible to

determine the boundary spectral data up to a gauge transformation.

4.1.16. In this section, we will consider the parabolic Dirichlet-
Robin form L. We use the Laplace transform,

Fo\) = L7 = /0 T oM p(x, 1) dt.

Then, the same considerations as in section 4.1.14 show that

LIL)(N) = /OOO ML) (x,8)dt = A 5 f(x, ), RA> —Ar.

We consider the inner product,

(YoLf h)p2es) = /0 /BM(Lf)(X, t) h(x,t — 1) mdS,dt,
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where 7 > 0 and f,h € C§°(X). By the Plancherel’s formula for the
Laplace transform,

/OO / (Lf)(x,t —7)h(x,t) mdSydt = (4.59)
0 oM

1 o+ico o o
— / / e TA_\f(x,\) h(x, —\) dAmdS,,
oM Jo

2mi

when o > —X\;. Together with A_,, the integral in the right-hand
side of (4.59) has poles at points —\; with —\; — —oo. Moreover,
when supp (f) € OM x (0,a), then for arbitrary N > 0,

IF)I < Cne™ ™1+ [A) 7Y,
in the half plane R\ < 0. As for any h € C§°(%),
1A=l s/2.0m) < Cn(L+ M),

in this half plane. Therefore, using considerations analogous to those
in Steps 2 and 3 of the proof of Lemma 4.6,

g+100 5 .
/ eTA_NF(x,A) h(x, —\) d\ =

—100

= lim [ eMA_xf(x,A)h(x,—\)dA,
n—oo Fn
where I, is the boundary of the half disks B(o,7,) N {z: Rz < o}
and 7, — oo when n — oo.
Thus, as in Lemma 4.6, the integral in the right-hand side of
(4.59) can be evaluated by means of the residue theorem. These
considerations give rise to the following formula,

<Lfa YTh>L2(Z) - Z ei/\(n)TQn[f(_)‘(n))a E(A(n)” (4'60)
n=1

Since A(,) — +o0o when n — oo, different terms in the right-hand
side of (4.60) have different exponential behaviour when 7 — oo.
Therefore, varying f and h, we can find the eigenvalues A(,) and
the quadratic forms ),,. Combining this result with Lemma 4.9, we
obtain the following lemma.

Lemma 4.11 Assume that the parabolic Dirichlet-Robin form L is
given. Then it is possible to determine the boundary spectral data up
to a gauge transformation.
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4.1.17. At last, we will consider the elliptic Dirichlet-Robin form
Ay[-, -] given for A € R. It follows from Lemma 4.5 that, for given
f,h € C®(OM), the function A,[f, k], A € R, can have first-order
singularities only at points A = A(,,y, n =1,2,.... Varying f and h
and using representation (4.39), we see that the singularities of the
function Ax[f, k] determine the eigenvalues A(,) and the quadratic
forms Q.
When the Gel'fand data (4.20) is given, we can find

Ralf,h] = /8 vz

where dp is an arbitrary smooth measure on 9M. This is a gauge
transform of the form Ay. Thus, we can find A,y and @, as above.
Hence, in both cases, using Lemma 4.5 again, we find the boundary
spectral data to within a gauge transformation.

4.1.18. We summarize the previous considerations in the following
theorem

Theorem 4.12 Let OM be given as a differentiable manifold. As-
sume that we know the gauge equivalence class of either of the forms
II, A, B, L, or Ax. Then it is possible to find the gauge equivalence
class of the boundary spectral data and, henceforth, the orbit o(A) of
the operator A.

Theorem 4.12 implies the following corollary, which is valid when
the boundary forms, rather then their equivalence classes, are known.

Corollary 4.13 Let OM be given as a differentiable manifold. As-
sume that we know either of the forms 11, A, B, L, or Ax. Then it
is possible to find the orbit of o(A) of A in the group of normalized
gauge transformations, that is,

00(A) ={As: k€ CM), k>0, kKlogm = 1}.

Proof. The previous considerations show that we can find the
Riemannian manifold (M, g) and the unique Schrédinger operator
A= ~Ay+q € o(A). Consider the lowest eigenvalue Ay, which, due
to Theorem 2.21, has multiplicity 1. Since the metric induced by g
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on OM is already known, we can find the integral kernels of the form
@7 and, therefore, the function mad, 1| for the operator A. Let
&1 be the normalized eigenfunction of A in L2(M, dVy). When & is
such that A = A,., then

(Kloam) 100 P1lom = mOyp1lonm.

Since 9,¢1|om and md,p1|om are known and 0,1 |9 is positive
almost everywhere, we can find x|gaq. O

4.2. Dynamical inverse problem for the wave
equation

4.2.1. In this section, we study inverse boundary problem i7i. in
Problem 6, when the boundary form B?*[f, h],

B (10 = [

32T

(a,,ufﬁ _ ufayﬁ) mdSydt,  f,h e (320,
is given on a finite time interval [0, 277.

4.2.2.

Problem 7 Assume that two pairs (M, A) and (M, A), such that

oM = 8Mv, have the gauge-equivalent boundary forms B*1 and BT,
Do then

ML= M7 (4.61)
and
a(x,D) = as(x,D), in ML =M" (4.62)
for some positive k € C*°(MT)?

We remind the reader that an operator A of form (3.1) determines
a Riemannian metric on M. Then the corresponding boundary layer
MT has the form

MT ={x e M:d(x,0M) < T}
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(see section 2.1.16). Equations OM = OM and MT = MT mean
that these manifolds are diffeomorphic. Then relation (4.62) implies,
in particular, that M” and M” are isometric.

Remark. Let us explain the physical meanings of Problem 7.
It corresponds to probing an unknown medium M by waves sent
from the boundary. These waves are scattered by inhomogeneities of
the medium and return to the boundary affecting the Cauchy data
of the wave. Hence, to get information about a point x € M, the
observation time 27 should satisfy the inequality

2T > 2d(x, OM).

In other words, the waves should have enough time to go from the
boundary to x and return back to the boundary. Thus, there is no
way to obtain information about any x ¢ M* from the knowledge

of B2T,

4.2.3. According to the considerations in section 4.1.3, the bound-
ary forms B!, which correspond to differential expressions a(x, D)
lying in the same orbit o(A) of the group of gauge transformations,
are gauge-equivalent. Due to the existence of the unique Schrodinger
differential expression, —Ag+¢, in 0(.A), Problem 7 can be reduced to
the inverse boundary-value problem for the Schrodinger wave equa-
tion,

8,?1& —Agu+qu =0, in Q.
ulger = f, (4.63)

ul,_g =0, Owul,_y=0.

Problem 8 Let B! be the boundary form corresponding to a Schr-
odinger operator —Ag + q. Does a form S B with some ko €
C>®(OM), kg > 0, determine the boundary layer M, and metric g
and potential g on M ?

4.2.4. The rest of this section is devoted to the solution of Problem

8. Our considerations follow the pattern given in Chapter 3. We will
prove the following result:
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Figure 4.3: Domain of integration in the Blagovestchenskii identity

2T

2T s

Theorem 4.14 Let B* be gauge equivalent to the boundary form
B?T of a Schrédinger differential operator —Agy+q. Then OM and
B?" determine M™', metric g, and potential ¢ on M.

The proof of this theorem is given as a sequence of lemmas.
4.2.5. We start with the Blagovestchenskii identity (see Fig.4.3).

Lemma 4.15 Let f,g € C(X?"). Then

/ uf (T)u(T) dV, = (4.64)
M

- i /LSiQ"(t — ) /a M(f(t)mf (A2T £)(t)h(s)) dS,dtds,
where

L={(s,t): 0<t+s<2T, t,s> 0}.
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Proof. Let
w(t,s) = / o (4 (s) v,
M
Then, by integration by parts, we see that

(02 — )t s) = / (020! (t)a (s) — uf (1) OBl (3)) dV, =
M

_ /M[(Ag + gt (£)uh(s) — uf (1)~ Doy + Q) (5)] dV,, =

= / [B,ul (t)ul(s) — ul (£)d,ul(s)] dSy =
oM

- / [A*u! ()uh(s) — uf (8)A2Tul(5)] dS,.
oM

Moreover,

Wwi_g = wl,_g =0,

Owl,y = Osw|,_y = 0.

Thus, w is the solution of the initial-boundary value problem for the
one-dimensional wave equation in the domain (¢, s) € [0,277] x [0, 27
with known source and zero initial and boundary data. Solving this
problem, we determine w(t, s) in the domain (¢,s), t +s < 27. In
particular, w(T,T) gives the assertion. O

Next, we formulate the previous result by using the boundary
form B?7.

Lemma 4.16 Let f,h € C(22T). Then

/ u! (T)uh(T) dV, = (4.65)
M

-2 / sign(r)B Yroo(f), Yo ()],

where Y, is the time-delay operator,

Yz )(x,1) = f(x,t — 7). (4.66)
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Proof. We have

B Vi), Voo )] = [ (8700 = (T 4 m)RGr— (T = 1) -

—f(n— (T +7)A*Th(n — (T — 7))) dSydn.
Changing coordinates from (7,7) to (s,t),
T=(s—t)/2, n-T=(t+5)/2,

and using Blagovestchenskii identity (4.64), we obtain representation
(4.65). O

Since we know B2 = S0 B, rather then B2, that is, a form
glat is2 Tgauge—equivalent to B2, we can compute for any f,h €
% (X4") the inner product

(4.67)
- 1 (T ~
[ ey @ av, = 5 [ sn(r) B Ve (1), Yoo ()]
M 2 J-r
where
0=ryl € C°(OM;Ry) (4.68)

is an unknown function. This result is in distinct similarity to the
result of section 3.2.4, where we compute the analogous inner product
with the same unknown function p.

4.2.6. As in the case of the spectral problem, we are now able to
prove a result which is a direct analogue of Lemma 3.12

Lemma 4.17 Let I' C OM be an open set and 7 € (0,7T). Given
the boundary form B?!, it is possible to construct boundary sources
[ € Ceo(' x [0,7]), 5 =1,2,..., such that

vj(x) = u?i(x,7)

form an orthonormal basis of L*(M(T,T)).
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We remind the reader that M(I", 7) is the domain of influence given
in Definition 3.8.

Proof. The proof of this lemma is the same as that of Lemma 3.12,
since it is based only on the knowledge of inner products (4.67). O

Following the trend developed in section 3.3.4 we obtain the fol-
lowing result.

Lemma 4.18 Let f,h € (T x [0,7]) and I' C OM be an open
set. Then, given the boundary form B2, it is possible to find the
inner product

(Prou (0. u(9) = [ atl(xulilxs)av, (469
M(T,7)
forany 0 <t,s, 7 <T.

Proof. The proof is identical to the proof of Lemma 3.13. O

4.2.7. To proceed with the reconstruction of the manifold M’ and
the metric g on it, we use Gaussian beams described in sections 3.5

3.6.

Lemma 4.19 Let zg,y € OM and 0 < s < min(l(z),T). Then
boundary form B?T determines min(d (7o (8),y), T).

Proof. The proof of Lemma 4.19, as well as the proof of Lemma 3.28
is based on the knowledge of the inner product (Pr .u”/(t), u’"(s)).
However, in the case of Lemma 4.19, we have a restriction 7, s,t < 1.
Otherwise, the proof of Lemma 4.19 is analogous to that of Lemma
3.28. O

For x € M”, let
rl(z) = min(d(x,2),T), z € OM, (4.70)

X
be the truncated boundary distance function (see Fig. 4.4).
These functions determine the mapping R? : M? — C(OM), by
the formula
RT(x) = rL.

Clearly, R” is the direct analogue of mapping R introduced in section
3.8.2. The image RT (MT) is called the set of the truncated boundary
distance functions. Using previous considerations, we can prove an
analogue of Theorem 3.29.
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Figure 4.4: Mapping R”
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4.2.8.

Lemma 4.20 Mapping RT : M¥ — RT(M™) is a homeomorphism,
if RE(MT) € C(OM) is considered as a topological space with topol-
ogy inherited from C(OM).

Proof. Step 1. Due to the triangular inequality, for any x,y € M7,
T T
HTX —Ty HC(@M) < d(X,y),
so that RT : MT — C(OM) is continuous. As

: T /.1
= <T
P =)

for x € MT, there is a point z € OM such that rl(z) = s, i.e.
d(x,z) = s < d(x,2'), for 2’ € M. Hence, x = 75,(s). The same
arguments, as in the proof of Lemma 3.30, show now that R” is
injective and, henceforth,

R" : M" — R"(MT)

is bijective.
Step 2. Consider the restriction of RT onto M, 7 < T, where

M ={xeM: dx,dM) <7}

Then the same considerations, as in the proof of Lemma 3.30, show
that

RT: M" — RE(M")
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is a homeomorphism, so that
RT M RT(MT)

is also a homeomorphism. As for x € M7, y € M7T \Mn, T <
T, we have

I =yl =7 =,
the set RT(MT7) is open in R (M™). Using the fact that

RY(MY) = | BT (M7,

T

we see that RT : MT — RT(MT) is a homeomorphism. 0

Summarizing the previous considerations, we prove an analogue
of Theorem 3.29.

Theorem 4.21 Let a boundary form BT pe gauge-equivalent to the
boundary form B?>' of a Schrédinger operator. Then B*! determines

the set RT(MT) ¢ C(OM).

Proof. By means of Lemma 4.19 it is possible to construct the set
RT(MT). Lemma 4.20 implies that RT (M) = RT (MT). 0

Our next goal is to provide RT (M7 with a differentiable struc-
ture such that RT : M? — RT(M?T) turns out to be a diffeomor-
phism. To this end, we use the boundary normal coordinates and
the boundary distance coordinates in the same way, as in sections
3.8.3 and 3.8.4. We remind the reader that the boundary normal
coordinates on the set M \ w are the functions (s(x),z(x)), where
s(x) = d(x,0M) and z(x) € M is the unique boundary point near-
est to x. Using the boundary normal coordinates, we immediately
obtain the following result:

Lemma 4.22 The set of the truncated boundary distance functions
RT(MT) determines the sets R (MY Nw) and RT(MT \ w). The
functions (Z%(r1), ST (r1)) € OM x R,

STy = zIenal}\l/l r(z), (4.71)
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rf(Z1 (") = sT(rT)

determine a coordinate system on the set RT (MY \ w). Moreover,
RT: MT\ w — RT(MT\ w) is a diffeomorphism.

Analogously, outside a neighbourhood of the boundary, we can
define an analog of the boundary distance coordinates on R (M7).
To this end, we use the evaluation functions

E,: RE(MT) - R, (4.72)

E,(r") = (), (4.73)
where z € OM.

Lemma 4.23 For any vl € RT(MT), mingegmrd (z) > 0, there
are m points zi,...,zy, € OM, such that the functions E; = Ey;,
j =1,...,m, are local coordinates in a neighborhood of ’T‘g. These
coordinates, together with the boundary normal coordinates, define a
differentiable structure of RT (MY, which makes the mapping R :
MT — RT(MT) a diffeomorphism.

Proof. The proof is analogous to the proof of Lemma 3.32. We need
only to take into account that the points z1,...,z,, € OM can be
taken from an arbitrarily small neighborhood of the point zg, where
7o € OM satisfies the relation rd'(zg) = ST (r{)). This fact follows
from the proof of Lemma 2.14. This implies that the evaluation
functions satisfy the inequality,

By, (r") < T, (4.74)

T

when 7' are close to rg . Thus, from the definition of the truncated

boundary distance functions, we see that
B, (") = d((R") 7 (r"), 2y), (4.75)

and the arguments, given in the proof of Lemma 3.32, yield the claim.
O
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4.2.9. Summarizing the previous considerations, we see that the
knowledge of B! makes it possible to construct a differentiable man-
ifold RT(MT), which is diffeomorphic to M. Moreover, we have
constructed coordinate functions on R (M?), which correspond to
the boundary normal and boundary distance coordinates. As in sec-
tion 3.8.5, we can use the evaluation functions £, and the boundary
distance coordinates to equip RT'(MT) with a metric g7, so that
the mapping R : (M,g) — (RT(MT),g") becomes an isometry.
Indeed, using the same constructions as in section 3.8.5, we obtain
the metric tensor ng in the boundary distance coordinates on the set
RT(MT\ OM). Representing the metric tensor Zyz; in the boundary
normal coordinates and using its continuity, we find 55 on the whole
manifold R (MT).

Summarizing the above considerations, we obtain the following
result.

Lemma 4.24 Let B2 be a given form that is gauge-equivalent to
the boundary form B*L of a Schrédinger operator, —Ay+q on some
manifold M. Then it is possible to reconstruct the Riemannian man-

ifold (MT,g).

4.2.10. Following the method developed in section 3.9.1, we con-
struct the unknown function ¢ on the boundary. To this end, we
use Gaussian beams. By Lemma 4.18, at any time ¢t < 7T, we can
find the norms of the Gaussian beams u. ,(x,t) = u?/(x,t), where
the boundary source f = fe 4.4, (2. t) is given by formula (3.41) with
V = 1. This boundary source generates a Gaussian beam that starts
at time tg from the point zg € dM. The Gaussian beam moves in
the direction normal to the boundary. Lemma 3.24 and Lemma 2.58
imply that, when ¢ < T,

H2 — 92(Z0)(9(Z0a 0))1/2 ]
det(%Ho)

li_r)% ”leﬂ'lupyé("t) (4'76)

€

This formula can be used to find o(zg) = ko(zo)~!. Indeed, all
the terms, except o(zo), in the right-hand side of this equation are
determined by the already reconstructed metric g, while the left-hand
side is determined by B*! due to Lemma 4.18.
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4.2.11. To compete the reconstruction of the Schrédinger operator
—A, + g, it remains to find g.

Lemma 4.25 The boundary form B?L of a Schridinger operator,
—Ag + q uniquely determines the potential ¢ on MT,

Proof. Step 1. Let u.(x,t) = uf(x,t) be the Gaussian beam with
[ = fezoto(2z,t), given by formula (3.41) with V = 1. By Lemma
4.18, it is possible to find the inner products

<onyt—t0u€(t)’ uh(t,»a (4'77)

for any ¢, ¢ < T and any u” being a solution of initial-boundary value
problem (4.63). Repeating the proof of Lemma 3.26 with ¢; replaced
by u”(t'), we obtain the following representation of u”(x,#') in the
boundary normal coordinates (s,z),

u(s,2,t") = lim je~ (M+2)/490=m)/2:2=m) /2 qet (—i H (t))]/2-(4.78)

e—0

o0 (t)_lg_1/2 (Z()a S) (on,t*toue (t)7 uh (tl)>v

where s = t — ty, z = zy. Here the functions H(t) and wugy(t) are
given by formulae (3.54), (3.57), correspondingly, and depend only
on the known metric g. Then, by means of formula (4.78), we can
determine the values of any wave u”(x,t') for x € MT and t' < T.

Step 2. Let u”(x,t') be equal to the Gaussian beam ugs(x,t) =
uf (x,t), where f = fs.21,6: (2, t) is given by formula (3.41) with e
replaced by § and V = 1. By step 1, we can determine the values of
us(x,t) when x € M? and t < T. Consider the Gaussian beam u;
on the normal geodesic 7, ,. Then,

us(s, 21,5+ t1) = (0m) "™ *(ug o(s) + duro(s) + O(62))  (4.79)

where u1 (s) is given by formula (2.216),

u0(s) = juo®) [axE)dl +ao).  (180)

0
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The term @} o(t) is given by formulae (2.212)-(2.215) and depends
only on the metric g. Hence, formula (4.80) makes it possible to find

S

[atx(enat. x(t) = r(t).

0

Clearly, this formula determines q(x) in M” \ w. Since ¢ is continu-
ous, we can continue it onto M7 O

4.2.12. Summarizing the previous considerations, we obtain the
proof of Theorem 4.14. Returning to Problem 8, we obtain the fol-
lowing

Corollary 4.26 Let A and A be operators of form (5.1)-(5.3) on

manifolds M and M with OM = OM. Let the corresponding bound-
ary forms B*' and BT be gauge equivalent. Then,

MT = pmT
and
a(x, D) = an(x,D) in ML,
for some k € C®(MT).

Moreover, when 1" is large enough, we can reconstruct the whole
manifold M and the operator A on it.

Corollary 4.27 Let A and A satisfy conditions of Corollary 4.26.
If, in addition,

T > T = max{d(x,0M), x € M},

then

and
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4.3. Inverse problems for heat and wave equa-
tions and continuation of data

4.3.1. In the previous section, we considered the inverse boundary
value problem for the wave equation with data given by the boundary
form B?T or the Dirichlet-Robin map A%T. In particular, we have
shown that, when 7' > T*, these data completely determine the
manifold and the gauge equivalence class of the operator. Hence, the
knowledge of A>T, T'> T*, makes it possible to find A% for any t > 0,
that is, to determine A = A>®. To find A%, we can solve the inverse
boundary value problem for the wave equation and find the manifold
M and operator A. Then we can solve direct problem (4.7)—(4.9) for
any f and, henceforth, determine A% for any ¢ > 0. However, there
is an alternative way to determine A%, ¢ > T*, and thus A, from
A?T T > T*. This method, which we will describe in this section,
does not require solving the inverse problem. Furthermore, by means
of the procedure described in section 4.1, we can then obtain from
A the boundary spectral data. This gives another method to solve
the inverse boundary value problem for the wave equation with data
given on a time interval 0,277, T > T*.

At the end of this section, we will consider the continuation prob-
lem for the heat equation. Then, it is sufficient to know the corre-
sponding Dirichlet-Robin map on an arbitrary small time interval
[0, to], to > 0.

We will concentrate on the wave and heat equations that corre-
spond to the Schrédinger operator, —A, + ¢g. However, these pro-
cedures can be generalized for the general operators if we use gauge
transformations. For simplicity, we will assume that the boundary
measure dSy is known. Therefore, the knowledge of the operator A%T
determines the corresponding quadratic form B?%.

4.3.2. Our continuation procedure uses the following controllability
result.

Theorem 4.28 Let Ty > 2T1™. Then the linear subspace,
{(w! (Tp), 8! (Ty)) € Hy(M) x L* (M) = f € Cg°(£70)},

is dense in HY (M) x L*(M).
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Proof. Assume that, on the contrary, there exists a pair (¢,1) €
L*(M) x H=Y(M) such that
<8tuf( ’ TO)a ¢> - <uf( aTO)a ¢> = 07 (481)

for all f € Cg°(XT0). To show that ¢ = 1 = 0, we consider the
following initial-boundary value problem for the wave equation,

(02 — Ay +qe=0, in QT (4.82)

€|ZTO == 0, e|t:TO = ¢, 8te|t:T0 = Tﬁ (4.83)

We note that, in initial-boundary value problem (4.82) (4.83), the
initial data is given at the final time, ¢t = Tj, rather than at t = 0.
However, the basic properties of solutions described in section 2.3,
remain intact. In particular, e € C*([0, T]; H=1(M)).

Let uf(x,t) be a solution of the initial-boundary value problem
(4.63). Multiplying wave equation (4.63) by e and (4.82) by uf and
integrating by parts, we get the following equation,

0 :/ W/ (@ — A, + a)e — (82 — A, + q)ul )& dV, dt —
QTo

= [ fO,edS,dt,

>7To

where we have taken into account initial and boundary conditions
(4.63) and (4.83). Since f € C§°(X70) is arbitrary,

aV€|ZT0 =0.
The double cone Ky 1, corresponding to the boundary layer %70,
Koz, = {(,1) € QT d(x,0M) < Ty/2 - |t — Tol},

contains a neighborhood of M x {Tj/2}. Using the same argu-
ments as in section 2.5.32, we can approximate the function e €
C([0,T); H~1(M)) with smooth, mollified functions e; = e * 5. By
Theorem 3.11 we see that e; = 0 in neighborhood of M x {1,/2},
and letting s — 0, we obtain that

eli=ry;2 =0, Oeli=r,/2 = 0. (4.84)
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Hence, e(x,t) is the solution of wave equation (4.82) with homoge-
neous initial conditions (4.84) and homogeneous Dirichlet boundary
conditions, €|y, = 0.

This implies that e(t) = 0 for t € [0, Tp]. Therefore,

¢ =eli—1, =0, ¥ = 0e|i—1, =0.

4.3.3. By Lemma 4.3, A! determines the energy form E(uf,t) of
the wave uf (1), f € C°(X?),

B, 1) - %/ (18’ (x,£) + | Grad o (x, £) >+
M

+a(x)|u! (x,1)[*) dVy(x),

where we take into account that uf(t)|grg = f(t) = 0. Consider the
corresponding quadratic form £(v, ¢),

(4.85)
£(6.0) = 5 [ (1Grad (02 + 4GP +0G0F) 4V, x)

on H(M)x L*(M). If the Schrodinger operator, —A,+g¢, is positive
definite, then this form is equivalent to the canonical quadratic form

on HY (M) x LA(M),

1

165:6) g rzian = 5 | (1 Grad V2 + 10P) V. (450

However, when the Schrédinger operator, —A, + ¢, is not positive
definite, the quadratic form on the right-hand side of (4.85) is also
not positive definite. To obtain a form equivalent to the canonical
form on Hi (M) x L*(M), we introduce the form

Ha(th,6) = EW, ) + a| ¢l|72 ) (4.87)

where a > 0 is large enough. Previous considerations lead to the
following lemma.
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Lemma 4.29 Forms & and H, have the following properties:
i) The Dirichlet-Robin map At determines

E(ul,t) = E(u! (¢), 0! (1))

for any f € C§°(2Y).

ii) The Dirichlet-Robin map A% determines Hq(uf (t), yuf (t)) for
any a >0 and f € C°(XY).

Moreover, when —A, + q is positive definite, the quadratic form &
is equivalent to the canonical form (4.86) with ¢ = uf(t) and ¢ =
ot (t). For sufficiently large a > 0, the form H, is equivalent to the
canonical form (4.86) even for a non-positive operator —Ag + q.

Proof. The claim follows from Lemma 4.15 and Lemma 4.3. O

Lemma 4.29 elucidates the difference between the positive def-
inite Schrodinger operators and the general ones. Because in our
construction of the continuation of Dirichlet-Robin map A! we use
the norm in H{(M) x L?(M), this lemma explains why the general
case is harder than the positive definite case.

4.3.4.

Theorem 4.30 Let the boundary OM and boundary measure dSy be
known. Then the Dirichlet-Robin map A**, T > T* that corresponds
to the Schridinger operator —Ag + q determines the operator A.

This theorem will be proven in this and the next sections. In this
section we will give the proof for the positive definite operators and,
in the next one, we will describe changes necessary to generalize it
to the non-positive definite case. Proof. We will first show that it

is possible to extend AT onto a larger time interval, 0 < ¢t < 27 +¢,
where 0 < € <T — T*, i.e. to find A2TF<f for any f € Cg(X?1+e) .
Iterating this procedure, we will determine A% for any t > 0.

Step 1. Represent f in the form,
f=h+g, heCFEY), gcCFOMx[e,2T +¢),
so that

A2T+€f _ A2T+Eh + A2T+€g.
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As the coeflicients of the wave equation are time independent,

A2T+e — Y-GAQT(Y_GQ).

g ’ [€,2T €]

As Y_.g € C5°(¥?1), the function A*!*¢g is known. Therefore, to
find A2T+ef, it is sufficient to find A2T+<h,

Step 2. Let Ty = T — e > T*. By Theorem 4.28, there is a
sequence {f;}32,, f;j € C5°(x210) such that

lim ||ufi(2Ty) — u" (2T — €)||; = 0,
Jj—00

lim |8, (2Tp) — d,ul(2T — €)|jo = 0. (4.88)
J—}OO

For a positive definite Schrodinger operator, equations (4.88) are
equivalent to the equation

lim € (ufj (2Tp) — uM(2T — €), Bpui (2T0) — Bpul (2T — e)) =0,

Jj—00
or, equivalently,

lim E (u(Yefrm, o e) ~0. (4.89)

J—00

By Lemma 4.29 i), equation (4.89) can be verified, if A?1 is given.
Therefore, we can find a proper sequence {f;} that satisfies (4.88).

Step 3. Consider the waves u”(x,t) and
Youli (x,t) = ufi(x,t — €)

for t > 2T — e. They satisfy the homogeneous wave equation (4.63)
and homogeneous boundary conditions,

uh|3/\/l><(2T—e,oo) =0, Y-eufj |8M><(2T—e,oo) =0,
In view of (4.88), Theorem 2.30 yields that

]hjgo H(‘),,(uh - uYEfj)HL2(8M><[2T—6,2T+6]) =0. (4.90)
Therefore,

or . aor
A TR g pxpr—e 2t = jlggoA TYefi)lomxer—e 2144

=Y. <,im A2Tfj|8M><[2T—26,2T]> :
j—o0
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4.3.5. We turn now to the general Schrodinger operator. In the
proof of Theorem 4.30 for the positive definite case, the only part
that fails in the general case is that we cannot verify equation (4.89)
by means of the quadratic form £(1), ¢). Therefore, the statement of
this theorem will be proven when we show the following result.

Lemma 4.31 Let AT, T > T*, be known and let 0 < e < T — T*,
Ty = 2T — €. Then, for any sequence {g;}32,, g; € C§e(EM) it s
possible to find if

Jin (Jju (T3 + 1 (T1)]5) = 0. (4.91)

Proof. Clearly, it is enough to show the assertion for the real-valued
functions g;.

Step 1. We will show that equations (4.91) are equivalent to the
following conditions:

lim E (u%,T}) =0, (4.92)
j—}OO
: 2T _
jlggo A gj‘aMx[TlgT] =0, (4.93)

and, for any h € C$°(X1),

lim E (uga‘,uh, Tl) —0, (4.94)

J—00

where E(uf,u", t) is the bilinear form that corresponds to the quad-
ratic form F,

B!l t) = % /M {(Graduf (1), Gradu (1)), + quf (1 (t)+

+0yu’ (t) Gtuh(t)} dVy + % /a y ouf (t)u" (t)dS,.

Because conditions (4.92)-(4.94) can be verified if A%’ is known, this
will prove the lemma.

Step 2. Let P_, Py, Py be the orthoprojectors in L?(M) onto the
spaces spanned by the eigenvectors corresponding to the negative,
zero, and positive eigenvalues of the operator —A, + q.
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Our first goal is to show that P_u9% (T7) — 0. Assume that this
is not true. Then, there is a subsequence of {g;} (still denoted by
gj) such that for some ¢o > 0,

(AP_u9(Ty),u% (Th)) < —cg, foranyj=1,2,... (4.95)

Let p < oo be the dimension of the range of P_. Then, by equation
(4.95)

.12
Ak ‘ui’ < —cp < 0.

\E

k=1

where ui are the Fourier coefficients of u% (77). Then there are o, €
{0,1}, k =1,...,p, such that for some subsequence of {g;}

D
(Auf (T7), ) (—1 < —c, (4.96)
k=1

where ¢; > 0 We denote

Take § > 0. By Theorem 4.28, there is h = hs € C§°(X1) such
that

B (T2 + [ (T1) — w2 < 62 (4.97)
By condition (4.94), for sufficiently large 7,
B (ufh‘,uh, Tl) | < 6% (4.98)
Clearly,

(AP_u9 (T1),u_) = F (ugj,uh, T1) +

+ (A (T3), (e — (1)) ) — (O (T3), B (1) ).
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By using spectral representation of A, we see that (Au,u) is equiv-
alent to HJ(M)-norm in the range of Py. Thus, it follows from
(4.95)—(4.98) that, when ¢ is sufficiently small,

(AP w9 (T}),u_) < (4.99)

< 3 {8+ 10 (Ty)llo + [(APsu (T1),u® (T)] }
Now condition (4.92) implies that, for sufficiently large 7,

(AP (T1), w9 (T1)) + 9pu® (T1) 3 < (4.100)

< —(AP_u9 (Ty),u% (T1)) + 62

Using inequality (4.95) together with (4.99) and (4.100), we obtain
that

—(AP_u9 (Ty),u% (T1)) < ¢cd,
which contradicts to (4.95) when § is small enough. Therefore,

lim || P_u% (T1)|| = 0. (4.101)

J—0

Step 3. Using (4.101) and taking into account (4.100), we see that

lim (AP, % (1), u% (1)) + [0 (T)|2 = 0. (4.102)

Jj—00

Step 4. It remains to show that

lim || Pow® (T1)]| = 0. (4.103)
J—00

Consider the function u9% (x,t) for ¢ > T7. Then,
u9i(t) = Pou9i (t) + (P- + Py)u%(t).
Due to (4.101)—(4.102), it follows from Theorem 2.30 that

lim 8,[(P- + P})u

Jj—o0

gj”aMX[Tl,QT] = 0.
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However, condition (4.93) yields that also

lim 0,u% =0.
j—>00 v ’6MX[T1,2T]
Therefore,
lim 0, Pyu% =0.
jsoo VY ‘6M><[T1,2T]

As Pyudi(t) belongs to the finite dimensional eigenspace of A, corre-
sponding to the eigenvalue A = 0, and the Neumann boundary values
of the eigenfunctions in this space are linearly independent, we see
that

lim [|Pyus (T1)]| = .
J—00

This proves Theorem 4.30. ]

4.3.6. In this section, we will consider the continuation problem
for the heat equation.

Theorem 4.32 Let ty > 0. The parabolic Dirichlet-Robin map Lt
determines the operator L.

Proof. To construct Lf for any f € C§°(X), it is enough to find Lh
for any h € C§°(OM x (0,t1)), t1 < to. Indeed, we can decompose
[ as asum f = hy + -+ hy where supp (hj) C OM x (a;,b)),
bj —a; < t1 and use the linearity of the system. Since the solution
v of initial-boundary value problem (4.14) has a representation

o0

VM) =D e MR (1), o)),
j=1

we see that v"(t) is an analytic H?(M)-valued function of ¢, ¢ €
(t1,00). Thus, we can determine 8yvh\8MX(t1m) from 8,,vh|aMX(tht0)
by means of the analytic continuation. Thus Lh is found. O
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4.4. Inverse problems with data given on a
part of the boundary

4.4.1. In many applications, the data is given only on a part of the
boundary. In this section, we will study the inverse boundary spectral
problem for the Schrédinger operator when the normal derivatives of
the eigenfunctions are given on an open set I' C 9M. We will prove
the following result.

Theorem 4.33 Assume that (M, A) and (M, A) are two pairs of
manifolds and Schrédinger operators. Assume that there are open
sets ' C OM and I cC OM, such that the boundary spectral data on
I' and I' coincide. Namely,

F:fa )‘] :X]v 8VQ0j|F:8VQEj|F, ]: 1727"'7

where \j, pj and Xj, ©; are the eigenvalues and the normalized eigen-
functions of A and A, correspondingly. Then the manifolds (M, g)
and (M, g) are isometric and the operators A and A are equal, i.e.,
q=q

The result can be easily extended to the general operators. If
their boundary spectral data on I' = [ are equal up to a gauge
transformation, the manifolds are isometric and the operators are
gauge equivalent.

4.4.2. As in Chapter 3, we will actually describe a procedure of
constructing an isometric copy of (M, g) and finding the potential g.
The construction of M will be given by iterating local constructions.
First, we will construct the manifold M near the given set I' C M.

Let z € T" and 7,, be the normal geodesic starting at z. The
analog of the function 5, defined in section 2.1.16, is the function
7T,

T.(z) = {sups > 0: d(v,.(s),T) = s}.

We note that the function 7, is, in general, not continuous but only
upper semicontinuous. Let

Qr ={(z,s) eI' xRy : s<7.(2)}
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Figure 4.5: Set Mp

be the largest open set that lies under the graph of 7.. Clearly,
I' x (0,;161{; Tom) C Qr.
The mapping,
expoprg : r — M, (4.104)
is a diffeomorphism between Qp and Mr,
Mr = expg (Qr) C M,

(see Fig 4.5). Let g = (expgaq)*g be a metric on Qr, so that expyay
is an isometry between (Qr,g) and (Mrp,g). In the following, we

denote M! = Mr. Our first aim is to construct (Qr, g)

4.4.3. Consider the initial boundary value problem for the wave
equation that corresponds to the Schrodinger operator,

8t2u —Agju+qu=0, in Q,
uly, = f, (4.105)

ul,_g =0,  Owuly =0.
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As in Chapter 3, we will use an arbitrary positive smooth measure
dp on T Then there exists a function o € C*°(OM), o > 0, such
that

dp = 0dS,. (4.106)

Since we know the normal derivatives of the eigenfunctions on I', we
can use Lemma 3.6 and Theorem 3.7 to compute the inner product

/ w®? (£)uth(s) AV, (4.107)
M

for any f,h € C§°(I' x (0,00)) and t,s > 0. We remind the reader
that the function p is, at this stage, unknown.

4.4.4. As in the case when the boundary spectral data are given
on the whole boundary M, we can prove a result that is analogous
to Lemma 3.12.

Lemma 4.34 Let I'y C I' be an open set and 7 > 0. Given the
boundary spectral data on T, it is possible to construct boundary
sources fj € C3°(I't x (0,00)), j =1,2,..., such that

vj = ueli (1)
form an orthonormal basis of L>(M(T'1,7)).

Proof. The proof of this lemma is completely the same as for Lemma
3.12. O

As in section 3.3.4, we obtain

Lemma 4.35 Let f,h € C°(I' x (0,00)) and 'y C T be an open set.
Then, given the boundary spectral data on I, it is possible to find the
mner product

(Pr, ~uf (t),u"(s)) = / u?! (x,t) ueh(x, s)dV,, (4.108)
M(T1,7)

for any t,s, T > 0.

Proof. The proof is identical to the proof of Lemma 3.13. O
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4.4.5. To proceed further with constructing the manifold Mr, we
need to construct the function 7,.. To this end, we observe that, for
'y CT,s,t>0we have M(T'1,s) C M(I',¢t) if and only if

1 Prgut! ()] = [[ut? (s)] (4.109)

forall f € C3°(T'1x(0, s)). This is an immediate corollary of Theorem
3.10. On the other hand, s < 7,.(zo) if and only if, for any ¢t < s and
any neighborhood I'y C T of zg, we have M(T'1,s) ¢ M(T,t). Hence,
the boundary spectral data on I' determines 7. and, therefore, {r.
Using some local coordinates z = (z!,...,2(™~1) on T, we obtain

local coordinates (z',..., 20" Y s) on Qp.

4.4.6. To construct the metric g on Qr, we use the technique of
Gaussian beams.

Lemma 4.36 Let z,y € T and (y,s) € Qp. Then the boundary
spectral data on I' determines d(vy ., (s),2).

Proof. The proof of the lemma is identical to that of Lemma 3.30.
O

Thus, we are able to construct the analogs of the evaluation func-
tions F(z), i.e., the functions

Er:Or - R, (4.110)

E, (y.s) = d(z,7(y.)(s)). (4.111)

where z € I'.

Evaluating differentials d(y’&,)EzF at a point (yo.sp) € €r and
using the same considerations as in section 3.8.5, with r replaced
by (y,s), we can find the metric tensor g;;j(yo,so). As (Qdr,g) is
isometric to (Mr, g), we obtain the following result.

Lemma 4.37 Let the boundary spectral data be given on I'. Then it
possible to construct the Riemannian manifold (Mr, g).
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4.4.7. As the metric tensor g on Mr and, therefore dS, are already
found, we can now find the function p. Thus, for any f,h € C§°(T" x
(0,00)) and any t,s > 0, we can evaluate the inner product,

/ o () ah(5) dV,. (4.112)
M

Next we use Gaussian beams to find the potential Q|Mr'

Lemma 4.38 The boundary spectral data of a Schridinger operator
given on a subset on I' C OM, determine uniquely the restrictions
on Mr of the potential q and eigenfunctions ¢;, j = 1,2,....

Proof. This assertion can be proven by the same arguments as
presented in section 3.9.2. O

4.4.8. Summarizing the previous considerations, we have shown
that the boundary spectral data on I' determine the Riemannian
manifold (Mr, ¢g) and the restrictions on Mr of the potential ¢ and
eigenfunctions ;.

To continue the construction, let D C Mr be an open domain
with smooth boundary 0D. Consider the manifold M \ D with
boundary (M\D) = OMUID. Let Ap be the Dirichlet Schrédinger
operator —A, + ¢, on M\ D. We are going to find the boundary
spectral data of Ap on 0D.

Lemma 4.39 Assume that we are given a part I' of OM and the
boundary spectral data on I' of the Schréodinger operator on M. As-
sume, in addition, that we know the Riemannian manifold (Mr, g)
and the restrictions of the eigenfunctions j|pmp, 3 =1,2,.... Then
these data determine the boundary spectral data on 0D of the Schré-
dinger operator Ap.

Proof. We denote by gp}) the eigenfunctions of Ap in M\ D. By con-
tinuing these functions by zero into D, we can consider the functions
cp? as functions on M. Thus, when

7% = (05 k)
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are the Fourier coefficients of <ij, then

0 D
D _ [ ei(x), xe M\D,
;%,M(X) = { o) xep. (4.113)

Let u/(T), f € C°(I' x (0,T)) be the wave generated at t = T by
the boundary source f. Let

u(f’X) (X7 T) = X(X)uf (Xv T)7
where

Because we know the Fourier coefficients of uf (T') and also the eigen-

functions ¢; on Mrp, we can find the Fourier coefficients u,gf’X)(T) of
u(fyX) (X’ T)’

u () = @), ).

Therefore, we can evaluate Rayleigh quotients for these functions

{(—Ay + @) (x, T)), x()uf (x,T))
QUX = T o e Dy D)

Let now
T > 2max{d(x,T): x € M}.

Considerations analogous to those in the proof of Theorem 4.28 show
that the waves uf (x,T), f € C°(T" x (0,T)), are dense in H}(M).
Therefore, the functions x(x)u/ (x, T), where x runs through the set
of functions that satisfy (4.114), are dense in H}(M \ D).

Using these observations, we can use the Courant-Hilbert princi-
ple to find the eigenvalues /\? of the Schrédinger operator and the
Fourier coefficients <<ij,<pk>. Indeed, by applying this principle, we
get

AP = inf Q(f, x).
1 (Fx) (fsx)
and there is a sequence (f, xp) such that

ph_{Iolo Q(fpa Xp) = /\1D-

© 2001 by Chapman & Hall/CRC



Moreover, for this sequence u,(ef pxp) ©P, in L2(M\ D). Therefore,
we can find

cpfk = lim u,gfp’xp)(T).
p—o0

Clearly, the set of projections

{xu! (T) = (! (T), D)ot = f € C3(T x [0,T)),
X satisfies (4.114)},

is dense in the space
{u€ Hy(M\D): (u,¢7) =0}

Thus, we can apply the Courant-Hilbert principle to this set and find
AP and the Fourier coefficients ‘ng'

Continuing this procedure, we determine all eigenvalues )\jD and
Fourier coefficients wfk, j, k= 1,2,... of the eigenfunctions <ij(x).
As @i mp are known, the Fourier coefficients determine the eigen-
functions @?(x) for x € Mr \ D. Therefore, we find the boundary
spectral data {)\jD, Bygojpbp}. O

4.4.9. In this section, we will complete the proof of Theorem 4.33.
Consider the manifold M \ D and the Schrédinger operator Ap on
it. Then, the boundary spectral data of Ap is given on a part, 9D,
of the boundary (M \ D) of M\ D. Using the same constructions,
as in sections 4.4.3, 4.4.4, with T replaced by 0D and M replaced
by M\ D, we find a manifold Myp C M\ D and the restrictions of
the metric g, potential ¢, and all eigenfunctions <p]D on Myp.

Now <p & can be considered in two ways. On one hand, they are
the Fourier coefficients of the zero-continuations of the eigenfunctions
cp] with respect to the basis {p;} of L(M). On the other hand,
they are the Fourier coefficients of ¢ p, i-e.

Z(p]kgo] ), x€M\D.

As we know cij(x), X € Myp, we can find ¢i(x) in x € Myp.
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So far, for any D C Mr, we have constructed a manifold Mgp C
M\ D, and the eigenfunctions ¢ and metric tensor g on it. Let D
and D’ be subsets of M. In the manifolds Myp and Mypr we identify
the points x € Mpp and x' € Myps, such that p;(x) = ¢;(x") for
all 7 = 1,2,.... In this case, the points x and x’ correspond to
the same point on M. Analogously, we identify points on Mgp and
Myrp = M! that correspond to the same point on M. Using these
identifications, we can construct the manifold M? C M,

M= | MopuM.

DCMr

It also follows from the previous considerations that we have con-
structed the restrictions of the metric g, potential ¢ and eigenfunc-
tions ¢ on M?2.

Continuing this procedure, we construct an increasing sequence
of manifolds M" and the restrictions of the metric, potential, and
eigenfunctions on these manifolds. Next we show that, for sufficiently
large n,

Mn — Mint-

To this end, consider a compact manifold N without boundary, such
that M C N. By compactness of A/, there is § > 0 such that

0 < min{ min o (z min  7(y.w)}. 4.116

{ min 7om(2), ymin (v, w)} (4.116)

Here tyr((z) and 7(y, w) are the critical values of the functions that

correspond to the boundary exponential mapping on M and the

exponential mapping on N (see sections 2.1.16 and 2.1.11).
Next, we consider the set

MAM® ={z e M: dz,doM)> s}

Due to definition (4.116) of 6, M \ M? a manifold with smooth
boundary that is homotopic to M and, therefore, connected. Thus,
there is a constant Tt > 0, such that any x € M can be connected
with I' by a smooth path p C M of the length L, L < Tr. Moreover,
if p is parametrized with its arclength, then the following conditions
are satisfied.

i) p0)=zel, p(l)=x,
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Figure 4.6: Path p

oM

ii) w0, 9] coincides with the normal geodesic to z,

iii) If d(x,0M) < 6, then u[L — (6 — d(x,dM)), L] coincides with
the continuation of the normal geodesic from the boundary to
the point x,

iv) When 6§ < s < L — (6 — d(x,0M)), then u(s) € M\ M°.
(See Fig. 4.6). Let

L
Xk—,u(k(S),k—l,...,K,K—[g:|, Xpo =X

By previous constructions, x; € M. Assume that x;, € M*, k < K.
Then, for sufficiently small p > 0 and D = B,(x}), we have D C ME,
It follows from definition (4.116) of J, that

inf >46—p.
af,ron(s) 20—

Thus, Bs(x;) € M**1 and, in particular, x4 € M**1. By induc-
tion, we see that x = x C ME+L which proves the assertion.
O

K+1
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4.5. Inverse problems for operators in R'.

4.5.1. Our previous considerations, both in Chapter 3 and the first
four sections of this chapter, deal with inverse boundary problems
for second order elliptic operators on manifolds with boundary. As
we explained in section 3.1.2, considering inverse problems on mani-
folds makes it possible to avoid additional difficulties due to possible
coordinate transformations. These difficulties occur even if we study
inverse problems for operators in domains of R™. As we know, even
for the inverse problem for operators on manifolds, boundary data
determine an operator only up to an arbitrary gauge transformation.
Clearly this also holds true for operators in domains of R™. More-
over, in the case of R™, there is a particular, Cartesian, coordinate
system, which is considered to be fixed. Because we use the fixed
Cartesian system of coordinates, there appears an additional group
of transformations which conserves the boundary spectral data.
Indeed, let X be a diffeomorphism of Q, which is identical on the
boundary. We denote the set of these diffeomorphisms by X,

X ={X:Q—-Q: X is a difftomorphism, X|,q = idsn}.
Definition 4.40 Let X € X. Consider the transformation Sx,
Sx : L*(Q,dV) — L*(Q,dVx), (4.117)
where dVx = X*dV = det(dX)dV . It is defined by formula
Sxu(x) = u(X(x)). (4.118)
These transformations form a group Gy,
Gy ={Sx: XeX} (4.119)

with respect to composition.
Moreover, let G be the group of transformations generated by
the group Gy together with the group G of gauge transformations,

Go={5=510850---08: S;€ Gy or S; € G}. (4.120)

Lemma 4.41 Fach element S of the group Gq can be represented
in the form

S = Sx o S,. (4.121)
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Similarly, it can be represented in the form
S =85-08Sx. (4.122)

Proof. The claim follows from the fact that Gy and G are groups
and the commutation relation

S.0Sx = Sx o Sz, (4.123)

where
R(x) = k(X 1(x)). (4.124)
O

The group G also generates a group of transformations A, x of
an elliptic operator A of form (2.30), (2.32) defined as

Awx =Sxo0S,0A08,-10Sx1. (4.125)
For the operator A, x we also use the notation
A x = As

for § = Sx 0S,. Because we have fixed the Cartesian system of coor-
dinates, we do not need to consider the coefficients of the operator A
as coordinate invariant tensors. Thus, for convenience, we introduce
new notations for the differential expression of the operator,

a(x,D)u = (—p~19;a"8; + q)u, (4.126)
where

1/2

p= mg'/?, a7 =mg'/?g" (4.127)

are smooth real functions. Note that m and ¢ can be considered
tensors whereas p and a” do not have invariant meaning. The cor-
responding operator A is self-adjoint in L*(Q,dpu,),

dp, = pdz' Ao Ndx™ = mdV,.

Dealing with operators in Euclidean space R™ it is usual to con-
sider 0€) to be equipped with the canonical metric determined by
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the embedding i, i : Q) — R"™. Instead of the boundary derivatives

Ovklga, kK =1,2,..., it is natural to use oblique normal derivatives
BaPklan = anidjpk| g (4.128)
of the normalized eigenfunctions. Here n = (n1,...,n,,) is the in-

ward unit normal to 92 with respect to the Fuclidean metric. We
call the collection

{092, N\j, Oarlygn: 1=1.2,...} (4.129)
the oblique boundary spectral data. Now

<n, n>g = gijnmp n; = (n, n>1/2

g Vi,

where v; are the components of the unit normal co-vector of the
boundary with respect to the metric g. We obtain for the boundary
derivative 0, the formula

0aPilan = M0uPilaq (4.130)
where
n :p<n,n>;/2.

4.5.2. Rewriting Theorem 3.3 for the case of operators in €, we
obtain the following result.

Theorem 4.42 Let A and A be two operators of form (4.126) in a
bounded domain Q@ C R™ with C*-smooth boundary that are self-
adjoint in L?(Q,dV) and L*(Q,dV), correspondingly.  Then, the
oblique boundary spectral data of A and A are gauge equivalent, i.e.,
)\j = Xj and 8a<Pj|BQ = Ko 85[53"89 (4.131)

for some kg € C*(9N), ko > 0, if and only if
A= As (4.132)

for some S = Sx o S, with K|y = ko. Moreover, the corresponding
measures satisfy dV =k 2(X 1)*dV.
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Proof. Step 1. First, we show that operators A and Ag have gauge
equivalent oblique boundary data. We use the notation Ag = A.
Moreover, we denote by g, v and g, v the metric tensor and the unit
normal vector for operators A, ./Nl, correspondingly. Obviously, the
eigenvalues of A and A coincide. Thus it is sufficient to consider the
Oq-derivatives of eigenfunctions and prove the identity

6&"5”69 = Kal aa@jbg ) (4.133)

where ¢; and @; are the normalized eigenfunctions of the operators
A, As, correspondingly. Since transformation S is an isometry from
L3(Q,dV) to L*(Q2,dV), we have

¢ (x) = k(X (x))@;(X(x)).
Moreover, 7 = dX (v) where dX is the differential of the map X :
) — €. Because @j|,, = 0, this yields
¥@jloa = Ky pjlaa-
By definition (4.130) we see that

0n; = p(m )Y 353, = ning/? (mm) Y Dy

At last, using transformation formula (2.52), we obtain that
0az; = 1 tm (32 (nm) /%) B0
Hence, to prove equation (4.133), it is enough to show that
g(n,n); =g(n,n), on 5, (4.134)

where g and g are determinants of metric tensor. To see this, assume,
without loss of generality, that x € 9Q has coordinates (0,...,0)
and Ty (0N2) = span{ey,...,en—_1} where e; = 9; are Euclidean unit
coordinate vectors. Let X = X (x). Then, due to X|;q = id|yq,

dX(0>=[é o } — 4,

oz™

where [ is (m — 1) x (m — 1) identity matrix and * denotes some
(m—1) x I-matrix. Hence, the determinants of metric tensors satisfy

30) = o0 [ 227]
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However,

o™\ 2
(n, n>§ = (Aen, Aem)Q - <8xm> (n, n>g .
These two identities show the invariance of g (n, n)  in the change of
coordinates, that is, formula (4.134).

Step 2. Next we show that if the oblique boundary spectral data
(4.129) of operators A and A are gauge equivalent, then A = Ag
with some S € Gq.

To apply earlier results of Chapter 3, we consider domain ) as
an “abstract” differential manifold Mq. to this end, we identify €
and Mg with a natural diffeomorphism 1 : Q@ — Mg, which corre-
sponds to the identity operator. On the manifold Mg, the operator
A corresponds to an “abstract” operator A,, which determines the
Riemannian metric g. Similarly, the volume element dV corresponds
to the volume element dV, = (3~ 1)*dV. By this definition, the map
(p=H* : L2(Q,dV) — L*(Mgq,dV,) is an isometry. Similar defini-
tions are introduced for the operator A.

Due to formula (4.130), the gauge equivalence of 0,¢; and 0;¢;
implies the gauge equivalence of 0,¢; and 95¢;. Hence, the opera-
tors A, and A, have gauge equivalent boundary spectral data. Thus,
by Theorem 3.3, there is an isometry ¥ : (Mgq, g) — (Mg, g). More-
over, if we identify the manifold (MVQ, g) with the isometric manifold
(Magq, g), then the abstract operator A, is gauge equivalent to A,.
This means that

Agu = (U7 (SpAaS, ) (07 ), (4.135)

where k is a positive function on Mgq. Moreover, when dVj is the
measure corresponding to the operator (Ay)r = SpAdS) ! by Lemma
2.26 the gauge transformation

Si : LA (Mg, dV) — L} (Mg, dVi)
is an isometry. Thus
(T1%S,, : L2 (Mg, dV,) — L*(Mq,dV,)

is an isometry. Next, we give an interpretation of the these observa-
tions for A and A on (.
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First, the commuting diagram

Q Q
g

induces a diffeomorphism X = 1;_1 oWo1:Q — Q. Second, since
Agu = (™) AW ),  Agu = (07 AW w),
the formula (4.135) in terms of the operators A and A takes the form
A=A, x

where r(z) = k(¢ (z)). Moreover, all mappings in the diagram

L2(Q,dV) L2(2,dV)
(wl)*l (Jl)*l

LA(Ma, dVa) =7 L* (Ma, dV,)

are isometries, and thus
Sex = Sx 08, : L¥(Q,dV) — L*(Q,dV) (4.136)

is an isometry. Thus, the orthonormalized eigenfunctions ¢; and @;
of operators A and A can be chosen such that

Pj = Sk, xPj- (4.137)

Relation (4.137), in turn, implies relation (4.133). Due to (4.131) we
see that k|y, = ko. Finally, since the transformation (4.136) is an
isomorphism, we have the identity dV =k 2(X 1)*dV. O

4.5.3. In many practical applications of inverse problems, we do a
priori have some additional information that specifies the structure
of the operator under consideration. As we have already mentioned
in section 3.1.7, it is possible to use this additional information to
decrease the admissible group of transformations. In the forthcoming
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sections, we consider several examples of this type of problem when,
in some cases, it is even possible to prove the uniqueness of the
corresponding inverse problem. This should not be a big surprise
because, for example, we have shown that the boundary spectral
data determine a Schrodinger operator uniquely. Before going to
considerations of particular examples, let us make two remarks:

i) In this section, we deal only with the inverse boundary spectral
problem. Using the results of sections 4.1-4.3, it is easy to translate
the results obtained for the inverse boundary spectral problem onto
the hyperbolic and parabolic inverse boundary problems, i.e., onto
the cases i)-v) described in section 4.1.

ii) Our further considerations are limited to few examples that
are suitable for practical applications and often considered in the
literature on inverse boundary problems. In our selection, we also
consider some cases when the admissible group becomes only the
group of diffeomorphisms Gy (or its subgroup) or, vice versa, only
the group of gauge transformations G (or its subgroup).

4.5.4. In this section, we consider the inverse boundary spectral
problem for the anisotropic conductivity operator A in a smooth
domain Q@ C R™. We call an operator A of the form (4.126) an
anisotropic conductivity operator if g =0 and p = 1, i.e.,

Au = —9;a" 9;u. (4.138)

This means, in particular, that A is self-adjoint in L?(£2) with canon-
ical, Euclidean, volume element dV,,,.

Theorem 4.43 Let A and A be two anisotropic conductivity op-
erators in 2 C R™. Then their oblique boundary spectral data

{Njs Oajlyns 7= 1,2,...} and {Xj,ﬁa@jbg; j=12,...} coin-
cide if and only if

A=SxA, (4.139)

for some X € Xy. Here Xy is the subgroup of X that consists of the
unimodular, i.e., volume preserving, diffeomorphisms X, such that

X*(dVean) = AVean, AVean = dzt A - Adz™. (4.140)
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Proof. The case “if” of the assertion can easily be seen to be true.
Next, we prove the “only if” part of the assertion. In view of Theorem
4.42,

A= Ax

for some k with k|yq =1 and X € X. As ¢ = ¢ = 0, equation (2.52)
implies that x is the solution of the Dirichlet problem

3iaij3j(l<&_1) =0, (Ii_l)‘aﬂ =1
Hence, k = 1 and A = Sx (A).
Next, we show that X € Aj;. To this end, we use representation

(2.29) for differential expressions a(x, D) and a(x, D),

a(x, D) = —m~'g71/29;(mg"?¢"9;),

a(x, D) = —m~ g '/?0;(mg"/ gV 9;).
Here 0; are differentiations in Cartesian coordinates and m, g as well
as m, g are uniquely determined. As a(x, D) is the Sx-transform of

a(x, D), we have

m=X*m, dV,=X*dV;,

m(x) = m(X(x)), ¢"2(x)dVian = §/*(X (%)) X* (dVian)-(4.141)

An operator A of form (4.126), with ¢ = 0, is an anisotropic con-

ductivity operator if and only if mg'/? = 1. Thus, by multiplying

relations (4.141) and using the fact that both A and A are anisotropic
conductivity operators, we see

X*(dVegn) = AVign. (4.142)

Thus X € Aj. O
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4.5.5. The rest of section 4.5 is devoted to the consideration of the
inverse boundary spectral problem for a general isotropic operator

Ae pqu = —e Div pp Grad u + qu, (4.143)

with €, u,q € C>*(Q), €, u > 0. Here, Div and Grad are divergence
and gradient in Euclidean space. Besides a general operator (4.143),
we study the special cases of an Euclidean Schrédinger operator,
—A+ g, ie., € = p = 1, and an operator A., = —eDivy Grad,
i,e. ¢ = 0. The last example plays an important role in the heat
conduction problems, e.g., in parabolic equation,

wy — € Div Grad w = 0.

Our next aim is to study the inverse problem for the isotropic
operator A, , when the oblique boundary spectral data

{aﬂa Aja aagojbg; .7 = 1323} (4144)
is given. Observe that for the isotropic operator A ,, 4,
9a®jlon = HOn®jlyq -

We will use a priori knowledge of the form of the operator to re-
duce the group of admissible coordinate transformations preserving
oblique boundary spectral data to a trivial one. Our plan is to first
reconstruct the Riemannian manifold (M, g), find the values of the
function ey on the manifold M and then construct the unique em-
bedding from M to Q. In other words, we first construct the abstract
Riemannian manifold and use a priori information to give a unique
interpretation for this manifold in the Euclidean space.

We first note that operator (4.143) has a representation of form
(4.126) with

p=ect, a=ps, m=mD2ym2 g — ()6 (4.145)

The gauge transformation S, of operator Ac , , transforms ¢ — ¢,
and p — p, where, by formulae (2.52) and (4.145),

€ = €K%, g = pK 2 (4.146)
Then the gauge transformation S, with x given by formula

k= m=2)/4,m/4 (4.147)
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transforms operator A, , to the Schrodinger operator —A, + ¢ with
4 = q — ke Div p Grad (k1) (4.148)

(see formula (2.52)). By means of Theorem 3.37, we can reconstruct
from the oblique boundary spectral data the abstract Riemannian
manifold (M, g) and the Schrédinger operator on it. By choosing
proper coordinates on OM, we can identify it with 9. Thus, we
have on 02 two metrics, the Euclidean one, and the one induced
by g. Using formula (4.145) for the metric tensor g we see that,
by comparing the metric induced by ¢g on the boundary and the
Euclidean metric on 02, we can find ep|,q,

Lemma 4.44 The oblique boundary spectral data of Ac, 4 of form
(4.144) determines uniquely the boundary values €|y and pyq .

Proof. Next, we consider (€2, (ex) '8;;) as a Riemannian manifold
that is isometric to (M, g) and the operator A, , as an operator
on this manifold. Then —A, + ¢ is the unique Schrédinger operator
corresponding to Ac, 4. Let gof be the normalized eigenfunctions
of —Ay+¢q. As S, is the gauge transform transforming A , 4 to the
unique Schrédinger operator corresponding to it,

pj = m_lgof. (4.149)

Thus by formulae (4.130) and (4.145) the oblique boundary spectral
data determines

_ 1
Aupjlogg = € l(fﬂ)23u<ﬂj’aﬂ = (4.150)

1 1 ~
=€ 22K, 18’/@5‘69 = Iﬁoal,goﬂag ,
where kg = e_l/Q,ul/Ql-cal and kg = k|po. Because these boundary
values (4.149) are gauge equivalent to the boundary spectral data of
the Schrodinger operator —A, + ¢ via gauge transformation with kg,
Lemma 3.36 yields that we can determine ko. By formula (4.147)
this function is

Ko = (€|8Q)7m/4 (M‘ag)(%m)ﬂ-

This function, together with epu|,q,, determines uniquely €|, and

tlaq- o
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4.5.6. Our next considerations are based upon the following.

Lemma 4.45 Assume that we are given the oblique boundary spec-
tral data of an operator Ac .4 of form (4.144). Then it is possible to
determine uniquely a Riemannian manifold (M, g) such that there
is an isometry W : (§2, (en)~16;5) — (M, g) and a function o on M
such that a(V(x)) = e(x)u(x).

Proof. Again, by choosing proper coordinates on OM, we identify
OM with 0€). As we already know, given {Ar, Our|sq} it is pos-
sible to reconstruct (M, g) and eu|,q. Thus, we have found a|gpq.
Then, by representation (4.145), the metric g on M is conformally
Euclidean, that is, the metric tensor, in the some coordinates, has the
form g;i(x) = o(x)dj;, where o(z) > 0. Hence (see Notes to Chapter
4) the function g = %ln(a), when m = 2, and 8 = o(™=2/4 when
m > 3, should satisfy the so-called scalar curvature equation

AB—k,=0 (m=2), (4.151)

4(m —1)
m — 2

AgB—kB=0 (m>3), (4.152)

where k; is the scalar curvature of (M, g). The idea of these equa-
tions is that if 3 satisfies, e.g., equation (4.152) in the case m > 3,
then the metric 8% (™2)g has zero scalar curvature. Together with
boundary data (3|, ,, being given, we obtain Dirichlet boundary value
problem for 8 and, henceforth o in M.

Clearly, Dirichlet problem for equation (4.151) has a unique so-
lution that gives a when m = 2. In the case m > 3, it is necessary
to check that 0 is not an eigenvalue of the operator 4%__21)Ag — ky

with Dirichlet boundary condition. As we know, 8 = a(m2/4 is a
positive solution of the Dirichlet problem for equation (4.152) with
boundary condition f|,,, = a(m*2)/4‘8M. Assume that there is
another possible solution of this problem,

B=v8, v>0, vlgy,=1 (4.153)

Then both (M, 4= g) and (M, E4/(T_2)g) have zero scalar cur-
vatures. Denoting g1 = 3%/(m=2g, gy = 3¥/(m=2) g, we obtain that v
should satisfy the scalar curvature equation

4(m —1)

p— Ag v — kg v =0.
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Here, however, k,, = 0. Together with boundary condition (4.153),
this equation implies that v =1, i.e. § = B This immediately yields
that 0 is not the eigenvalue of the Dirichlet operator (4.152) because,
otherwise, we could obtain a positive solution B = B 4+ cppp, where
1 is the Dirichlet eigenfunction, corresponding to zero eigenvalue,
and |co| is sufficiently small. O

4.5.7. Our next goal is to embed the abstract manifold (M, g)
with conformally Euclidean metric into € with metric (ep)1d;5. To
achieve this goal, we use the a priori knowledge that such embedding
exists and the fact that we have already constructed a corresponding
to eu on M.

Lemma 4.46 Let (M, g) be a Riemannian manifold, a(x) a posi-
tive smooth function on M, and 1 : 0 — OM a diffeomorphism.
Assume also that there is a diffeomorphism ¥ : € — M such that

Vlgg =0, Vg = (a(¥(x) " d;

Then, if 2, (M,g), a, and ¢ are known, it is possible to construct
the diffeomorphism ¥ by solving ordinary differential equations.

Proof. Step 1. Let ( = (z,7) be the boundary normal coordinates
on M\ w. Our goal is to construct the coordinate representation for
Ul =x,

X : M\w—Q,

x(z,7) = (:Ul(z,T), cen x™(z, 7).

Denote by h;j(x) = a(¥(x))18;; the metric tensor in 2. Let I; j, =
gipfj;k be the Christoffel symbols of (€2, h;;) in the Euclidean coor-
dinates and let I:U,W be Christoffel symbols of (M, g), in {-coord-
inates. Next, we consider functions h;;, I ;;, etc. as functions on
M\ w in (z,7)-coordinates evaluated at the point x = x(z, 7), e.g.,
I'yij(z,7) = I'yij(x(z,7)). Then, since ¥ is an isometry, the trans-
formation rule of Christoffel symbols with respect to the change of
coordinates implies
~ oz’ xd Ok oz’ 027

T, =T, O I 4154
ww = Thiigeiac o T Miacragrae 1Y
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where
hij == 04_151']'. (4.155)
Using equations (4.154) and (4.155) we can write % in the form

820 N
8C#8CV (C) = O[(C)(Sjp <FU,MV@ -

18a~L [O¢° ace oce | ozt oz
_ 5 8CU % pi % pn @ nz:| 8—0‘80/) . (4156)

As a and fg,w are known as a function of ¢, the right-hand side of
(4.156) can be written in the form

02z
Berac” <C’ 8@) (4.157)

where F7j,, are known functions. Choose v = m, so that

o0 d (o0
acracm — dr \ack )

Then, equation (4.157) becomes a system of ordinary differential

equations along normal geodesics for the matrix [2Z ac (7')};77#:1. More-

over, since diffeomorphism ¥ : 9Q — OM is given, the boundary
derivatives %, pw=1,..., m—1, are known for (" = 7 = 0. By

relation (4.155),

oxd oxd _, 07 L1
——=——=a  — =a n
ocm ot on
for (™ = 7 = 0 where n = (n!,...,n™) is the Euclidean unit inward
Az

normal vector. Thus, %= (z,0) are also known. Solving a system of
ordinary differential equations (4.157) with these initial conditions
at 7 = 0, we can construct %(z 7') everywhere on M \ w. In
partlcular taking 4 = m, we find ¢ (z 7). Using again the fact
that (z%(z,0),...,2"(2,0)) = ¥(z) are known, we obtain the func-
tions 2/ (z,7), z ﬁxed, 0 <7 < 79Mm(2), i.e., reconstruct all normal

geodesics on €2 with respect to metric h;;. Clearly, this gives us the
embedding of (M, g) onto (€2, h;j). O
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4.5.8. Summarizing the previous considerations, we come to the
following result:

Theorem 4.47 Let the oblique boundary spectral data of the oper-
ator Ac.q of the form (4.129) be known. Then, it is possible to
reconstruct the functions ep and q in ), where q is of form (4.148).

Next, we return to the question of the admissible group of trans-
formations.

Corollary 4.48 The oblique boundary spectral data of the operator
Aepiq of the form (4.129) determine the orbit of the group oo(Aepu,q)
of an operator Ac 4 of form (4.138) with respect to the normalized
gauge transformations. It is also clear that gauge transformations
Sk € G transform isotropic operators into isotropic operators.

We remind the reader that the orbit of A in normalized gauge
transformations defined in Example 1 of section 3.1.7 is

o0(A) = {S:A: >0, Klyg =1}

Proof. Obviously, all operators in the orbit o¢(A) have the same
oblique boundary spectral data. As ex € C*®(Q) is determined by
the boundary spectral data uniquely, gauge transformations change
e and p according to formula (4.146) such that ey is invariant. So, by
applying the gauge transformations, we can make one parameter, for
example ¢, to be any function with given boundary value €|, = €.
After fixing €, the function u is determined uniquely. Because ¢ on M
and, henceforth, on € is known, equations (4.147) and (4.148) make it
possible to find ¢ from ¢, € and p. Hence, we can determine the orbit
0(Ae,pq) of all gauge transformations. However, by Lemma 4.44,
{Aks 1190 On @rlsq} uniquely determine €|, and p|5q. Thus, we can
find the orbit o¢(Ac,,q) of the normalized gauge transformations. O

Corollary 4.49 Let A., 4 be an operator of form (4.143).

i) Assume that we are given € or p and a collection that is gauge
equivalent to the oblique boundary spectral data. Then we can
determine €, u, and q uniquely.

ii) Assume that q and the oblique boundary spectral data of Ac 4
are given. Then we can determine € and p uniquely.
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Proof. In the case i), we use Corollary 4.48 to find eu, and g. As ¢
or u is known, this determines both € and p. Thus, equations (4.147)
and (4.148) determine k and g.

In the case ii), we use Theorem 4.47 to find eu € C°°(Q2) and
g € C°°(Q). Thus, we have found the Schrédinger operator —A, + ¢
on Q. As €y, plyq are found from the boundary spectral data, we
can determine kg = K|y. As the gauge transform S, -1 transforms

—Ay+q to Ac g, formula (2.52) implies that w = & satisfies

—Ayw+(G—quw = 0, (4.158)

wlpn = Ko

Next we show that this equation has a unique solution. As (4.158) is
know to have a positive solution k, the potential ¢ — ¢ can be written
as

~ _1 1
G—q=p"20g(p2), p=r".

An easy computation shows that equation (4.158) is then equivalent

to

Divg4p Gradg(p_%w) =0
1
ptwlpn = 1

As this Dirichlet problem is uniquely solvable, so is (4.158). Thus,
by solving this equation, we find . Using representation (4.147) for
K, we can determine € and p on €. O

Notes. Chapter 4 contains a wide range of different subjects.
The aim of these notes is to give historical background and references
and also to point out the references to other methods and results.

Relations between different types of inverse problems and the
inverse boundary spectral problem described in section 4.1 cannot
be found from the existing literature in a complete form. We point
out that the transformations of data described in section 4.1 do not
involve analytic continuation. The reader should note that not all
types of inverse boundary value problems can be reduced to the in-
verse boundary spectral problem. A particularly important example
is given by inverse problems with fixed-frequency data. More pre-
cisely, in these problems one knows the Dirichlet-Robin mapping A
at one value of the spectral parameter k, which is often taken to
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be 0. These problems are more difficult than the inverse boundary
spectral problems, because the fixed-frequency data contains less in-
formation than the boundary spectral data. For the corresponding
results applicable to Riemannian manifolds, we refer to [LeU], [Syl],
[Na2], [LaU], [Lo] and [U].

Since the boundary control method is of hyperbolic character,
its applicability to the dynamic inverse problems of the type con-
sidered in section 4.2 was clear from the very beginning. In fact,
starting from the original paper of Belishev [Bel], the method was
developed to study hyperbolic inverse problems, see also [BeBI2],
[BeKal], [BeKul] and [Be3]. Later, new ideas based on the WKB-
method were imported into the boundary control method to obtain
the so-called amplitude formulae, see [BeKu2|, [BeKa2], [Be2] and
[BelsPSh]. The different approach developed in section 4.2 was also
applied to study the inverse boundary problem for the wave equation
with attenuation in [KulLa4].

As the hyperbolic inverse boundary value problem often occurs
in applications, they have been studied for a long time and there are
several methods to solve them. Quite different from the dynamical
inverse problem, which is studied in section 4.2, is the kinematic
inverse problem. In this problem, we are given the travel times, i.e.,
the geodesic distances, between the boundary points. The kinematic
inverse problem is, in fact, a geometric problem that makes it close to
the approach discussed in this book. However, in this problem, one is
given only a part of the data contained in the response operator. This
makes the kinematic inverse problem very difficult. The kinematic
inverse problem is discussed in detail in [Sh1l] and [Sh2]. See also
[StU2] and references in [Shl], [Sh2].

Returning to the hyperbolic inverse boundary-value problems,
most methods are based on geometrical ideas and finite speed of
wave propagation, sometimes implicitly, see, e.g., textbooks [LRoSi],
[Rol], [Is1] and references therein. Other results devoted to the
uniqueness in these problems can be found in, e.g., [Ro2], [Wel]-
[We2], [RkSy]|, [La3]. Although stability in the hyperbolic inverse
boundary problem is a less studied subject than uniqueness, there
are already many interesting results in this direction. These results
can be found in [AlSy], [Rk], [Is3], [Ya], [PuYa], and [StU1].

The direct continuation of the hyperbolic boundary data, dis-
cussed in section 4.3, can be found in [KuLad]. The continuation of
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the parabolic boundary data is a simple observation that is scattered
through numerous papers. For its applications see, e.g., [AvSe].

The inverse boundary value problem with data given on a part
of the boundary, discussed in section 4.4, was studied in [KaKul] in
the spectral case and in [KuLa2] in the dynamical case. For results
in the fixed frequency case see, e.g., [GrU]J.

The Courant-Hilbert minimax principle, called also the varia-
tional principle, used in section 4.4 is a classical result of functional
analysis and can be found in various textbooks, see, e.g., [CuHi],
section 3.4, [BiSo|, section 9.2, [EgSb], section 4.1, or [EdEv].

The result, obtained in section 4.5 go back to [Kul] and [Ku2].
The scalar curvature equation can be found in [KzWa]. The embed-
ding procedure of the manifold into R™ used in this section is based
on the properties of the Christoffel symbols described in, e.g., [Ei],
section 1.7, [KI], section 4.1 and [NoFo], section 2.6.

As inverse boundary value problems for elliptic equations in R™
are of significant importance for practical applications, they have at-
tracted much interest in the mathematical community. In this book,
we have already discussed the inverse boundary spectral problems.
Another class of inverse problems for elliptic equations is the fixed-
frequency problems. At the moment, the most powerful method to
study these problems is based on the use of exponentially growing
solutions. The origin of this method goes back to Faddeev, who in-
troduced the famous Faddeev Green’s functions and exponentially
growing solutions to study inverse problems of quantum scatter-
ing, see [Fal|-[Fa3], [Nw|. The inverse boundary value problem at
fixed frequency was first formulated by Calderon. He used the ex-
ponentially growing solutions to study the linearized version of this
problem [Cl]. Further developments in this problem were obtained
in [KoVol], [KoVo2]. The crucial step was made by Sylvester and
Uhlmann, who solved the inverse conductivity problem in dimensions
three or more [SyU]. Similar results for the scattering problems were
simultaneously obtained by Novikov and Khenkin [NvKh]. A fur-
ther important development belonged to Nachman, who solved this
problem in dimension two [Na2|, see also [Nv2]. Since that time, the
method was employed to prove a number of uniqueness results, e.g.,
[NaSyU], [Nal], [Nv2], [Rm2], [BrU], [NkSuU], [NkTs|. Reconstruc-
tion algorithms and numerical implementation of this method were
also studies in, e.g., [Nal]-[Na2|, [SiMula]. For related methods, see
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also [SCnll], [BuGST]. The corresponding stability results have been
developed in, e.g., [Al], [AlSy], [Is2], [BaBaRu].

An important development obtained by this method is the so-
lution of the inverse problems for systems of equations. An inverse
problem for the Maxwell system was solved by Ola, Paivérinta and
Somersalo [OPaS], see also [CoPa, [OS], and for the elasticity sys-
tem by Nakamura and Uhlmann [NkU1]-[NkU2], see also [ATkTYa,
[IkNkYa].

As for the other theoretical methods for elliptic inverse boundary
value problems, we refer to, e.g., the layer stripping [So|, [SCnll],
[Sy2] and Carleman estimate methods, see, e.g., [Kb], [ImYa], [PuYal,
[Ya], [Is1]—[Is4] and references therein.

An extended overview of various contemporary methods for solv-
ing multidimensional inverse problems is given in the lecture series
and presentations at the KMS Summer School on inverse problems
(ICMS, Edinburgh, July 25-Aug. 6, 2000) [KuSo].
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Meaning

Real and complex numbers
Real and imaginary parts
Manifolds, OM # ()
Sobolev spaces

Sobolev s-norms

Inner product, norm in L?
H?-valued functions

Norm of LY([0,T]; L?*(M))
Smooth function spaces
Tangent space, etc.

Inner products, duality
Also, inner product of R™
Poisson brackets

Ball in (M, g)

Metric, Christoffel, curvature
Geodesics

Exponential mappings
Length of vy,

Critical values on geodesics
Cut loci

Covariant derivative

Slices

Domains of influence
Cone, double cone
Time-domains

Operators

Differential expressions
Volume elements
Projections onto M(T', T)
Gaussian beams

Phase and amplitudes
Boundary source of u., etc.
Boundary distance functions
Boundary maps/forms
Orbits of gauge group
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